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In fluid-filled microchannels embedded in solid devices and driven by megahertz ultrasound transduc-
ers, the thickness of the viscous boundary layer in the fluid near the confining walls is typically three to
four orders of magnitude smaller than the acoustic wavelength and five orders of magnitude smaller than
the longest dimension of the device. This large span in length scale renders direct numerical simulations
of such devices prohibitively expensive in terms of computer memory requirements, and consequently the
so-called boundary-layer models are introduced. In such models, approximate analytical expressions of the
boundary-layer fields are found and inserted in the governing equations and boundary conditions for the
remaining bulk fields. Since the bulk fields do not vary across the boundary layers, they can be computed
numerically using the resulting boundary-layer model without resolving the boundary layers. However,
current boundary-layer models are only accurate for hard solids (e.g., glass and silicon) with relatively
small oscillation amplitudes of the confining wall, and they fail for soft solids (e.g., polymers) with larger
wall oscillations. In this work, we extend the boundary-layer model of Bach and Bruus, J. Acoust. Soc.
Am. 144, 766 (2018) to enable accurate simulation of soft-walled devices. The extended model is validated
by comparison (1) with direct numerical simulations in three and two dimensions of tiny submillimeter-
and larger millimeter-sized polymer devices, respectively, and (2) with previously published experimental

data.

DOI: 10.1103/m1rf-tkpw

I. INTRODUCTION

Acoustofluidic devices based on bulk acoustic waves
show promising applications in contactless manipulation
of micro-objects [1,2], such as separation of bacteria
from blood lysate [3], cancer cells enrichment in blood
[4,5], optimized microparticle focusing [6,7], and other
cell manipulations [8]. These devices are also used for
manipulation of immiscible fluid interfaces [9,10] and
inhomogeneous fluids [11-14].

Traditionally, bulk-acoustic-wave devices are fabricated
using hard materials with high Q factors, such as glass and
silicon [15]. Although such devices can be manufactured
with high accuracy and throughput, the fabrication pro-
cess may be expensive, limiting in particular their single-
use applications. Alternatively, polymer-based devices can
be used, which is advantageous for bulk production at
minimal cost compared to glass-silicon devices [16-20].
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However, it is difficult to establish the acoustic fields in a
polymer system due to the low acoustic contrast between
the polymer and the fluid.

Recently, the formation of pressure nodal planes in
polymer systems has been elucidated by Moiseyenko and
Bruus [21] by introducing the principle of whole-system
ultrasound resonances (WSURs). According to this princi-
ple, acoustic resonances in polymer devices are determined
by the dimensions of the whole system, and by the acoustic
contrast between the ambient air and the system. Among
the obtained WSUR modes, the ones leading to a robust
acoustic response inside the fluid cavity are selected. Suc-
cessful focusing of particles in polymer-based acoustofiu-
idic devices designed using the WSUR principle has been
demonstrated by experiments and simulations [20].

Despite the significant advancement in numerical mod-
eling of acoustofluidic devices in the past decade [22—26],
it remains a challenge to have a robust, computationally
efficient method that captures all the relevant length scales
of the problem ranging from the length of the device
(~ 5 cm) down to the thickness of the viscous boundary
layers (~ 0.5 pm) in the fluid, the latter being respon-
sible for the formation of the steady acoustic streaming.
Whereas the pressure acoustics, and thus the acoustic radi-
ation force that dominates the dynamics of large particles
(2 2 wm) suspended in the fluid, depends on the acoustic

Published by the American Physical Society


https://orcid.org/0000-0001-7729-1561
https://orcid.org/0000-0001-5827-2939
https://ror.org/04qtj9h94
https://crossmark.crossref.org/dialog/?doi=10.1103/m1rf-tkpw&domain=pdf&date_stamp=2025-10-30
http://dx.doi.org/10.1103/m1rf-tkpw
https://creativecommons.org/licenses/by/4.0/

SAZID Z. HOQUE and HENRIK BRUUS

PHYS. REV. APPLIED 24, 044095 (2025)

wavelength (~ 500 wm) and not on the acoustic stream-
ing, the dynamics of submicron particles is dominated by
the viscous Stokes drag from the acoustic streaming. The
inclusion of the boundary layers in numerical simulations
is therefore crucial for a full understanding of acoustofiu-
idic devices and their applications for submicron-particle
manipulation in lab-on-a-chip technology [27-30]. Per-
forming direct numerical simulations to capture the entire
length-scale range is computationally expensive and poses
severe challenges, especially for three-dimensional (3D)
simulations.

The effective boundary-layer model introduced by Bach
and Bruus in 2018 [31] marked significant progress toward
robust modeling of the thin boundary layer. Based on pre-
vious work by Nyborg [32], Lee and Wang [33], and
Vanneste and Biihler [34], Bach and Bruus derived approx-
imate analytical expressions for the viscous boundary-
layer fields that decay exponentially away from the fluid-
solid interface inside the thin boundary layer. Inserting
these analytic expressions in the governing equations and
boundary conditions, an effective model for the remaining
bulk acoustic fields was obtained. As these bulk fields do
not vary on the small boundary-layer length scale, they can
be computed numerically without resolving the boundary
layer.

The effective boundary-layer model is based on the
assumptions that the boundary-layer thickness § is much
smaller than both the radius of curvature of the fluid-
solid interface (the wall) and the acoustic wavelength, and
that the amplitude of the wall motion in the perpendicu-
lar direction is much smaller than §. 3D versions of the
model have been validated against experimental results in
two cases. First, Skov et al. [35] used the model to sim-
ulate a hard-walled glass-silicon device, and successfully
compared their results with previous experimental work
[36], regarding both the first-order acoustic fields and the
second-order streaming field, although the latter is sensi-
tive to the exact value of the resonance frequency and the
detailed shape of the fluid-solid interface. Second, Lickert
et al. [20] compared simulation results of the model for a
soft-walled polymer-based device, and found fairly good
agreement with their own experiments regarding the first-
order acoustic fields, but no studies of the streaming field
were performed.

The main goal of this work is to evaluate the second-
order time-averaged streaming field using the boundary-
layer model for a soft-walled polymer device. We have
found that the second assumption above concerning the
smallness of the wall oscillation amplitude compared to
6 fails in this case, and therefore an extension of the
boundary-layer model is needed to accurately determine
the acoustic streaming field for soft-walled devices. In
this work, we extend the boundary-layer (BL) model from
2018 by Bach and Bruus [31], henceforth called the “BL18
model,” by allowing for larger perpendicular wall motions.

Introduced in 2025, we call this extended boundary-layer
model the “BL25 model.”

The first half of the paper, Secs. II-1V, concerns the
development of the theory behind the BL25 model. The
basic acoustofluidic perturbation approach as well as the
detailed first-order expressions for the acoustic fields carry
over unchanged (with one minor addition in a boundary
condition) from the BL18 model to the BL25 model, which
is summarized in Secs. II and III. In Sec. IV, we present
the model of the extended second-order streaming field,
where we modify the effective slip-boundary condition by
(1) taking into account the hitherto neglected short-range
second-order pressure field, and (2) including previously
omitted higher-order terms in the small parameter € =
koS =~ 0.003, ko being the acoustic wave number.

The second half of the paper, Secs. V—VIII, concerns
the validation of the BL25 model. In Secs. V and VI,
respectively, we define the acoustofluidic model devices
used for numerical validation of the BL25 model, and we
present the implementation of the model for these devices
in the finite-element software COMSOL Multiphysics. In
Sec. VII, we carry out numerical validations including a
mesh-convergence study of the BL25 model in both two-
dimensional (2D) and 3D simulations by comparing it to a
“Full model” consisting of direct numerical simulation of
the full perturbation equations using a mesh that resolves
the thin boundary layers. The 3D simulation of the Full
model is made possible by studying a downscaled device
with a linear size less then 500 wm, which is driven by
a thin-film piezoelectric transducer of thickness 2 pum. In
Sec. VIII, we validate the BL25 model experimentally by
using it to model the polymer-device studied by Lickert
et al. [20] and comparing the simulation results with the
published experimental data.

Finally, we end with a summary and concluding remarks
in Sec. IX. Some mathematical details are presented in
Appendices A—D, and supplementing numerical simula-
tions are provided in the Supplemental Material [37],
which also includes Refs. [20,38].

II. PERTURBATION EXPANSION OF THE
GOVERNING EQUATIONS

In this work, we follow Bach and Bruus [31] closely,
and present here a just summary of the BL18 model, while
referring the reader to the original paper for details. We
consider a system consisting of a fluid domain Qf embed-
ded in an elastic solid domain Q°, which is actuated by
a piezoelectric transducer domain QP* attached to a part
GQIS)IZ of the outer solid surface Q% and driven by an
applied time-harmonic ac voltage ¢y(f) = @oe ™' with a
real-valued amplitude ¢, at the angular frequency w =
2rf, where f is the frequency in the megahertz range. The
fluid is described by three basic Eulerian fields, the den-
sity p, the pressure p, and the velocity v, and the solid by
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the basic Lagrangian field, the displacement u. We assume
adiabatic acoustics without thermal transport, so the tem-
perature field is not independent, but follows from the
pressure and density.

Assuming a sufficiently low actuation amplitude ¢y, the
whole system can be analyzed using a complex-valued
perturbation expansion, where any field g depending on
position r and time ¢ has a uniform constant zeroth-order
component gy, a time-harmonic first-order component gy,
and a steady time-averaged second-order component g,
proportional to (¢)°, (¢o)!, and (¢o)?, respectively,

g(r D) =gy + g1 (e + g (), (1a)
g™ (r, 1) = go + Re[gi (e ™1+ go(r).  (1b)

Here, the physical field gP™3(r, #) is simply obtained as the
real part of the complex-valued field g(r, 7). Note that both
the zeroth-order term gy (r) and the time-averaged second-
order terms g,(r) are real-valued and time-independent.
The time average (---) is defined over a full oscilla-
tion period 19 = 27 /w, and the time average of a prod-
uct of two first-order fields is easily computed using the
complex-valued fields,

L [r
(g™ (r,0) = — / g nd,  (2a)
70 Jo
s 1
(42 0B (1)) = 5 Relt, OB, (2b)
where the asterisk denotes complex conjugation.

A. The linear isotropic elastic solid

We assume that the solid domain Q°' contains a linear
elastic solid with density p*!, where the position r of a solid
element with equilibrium position ry is given in terms of
the Lagrangian displacement field u = u, as

r(ro) = ro + uy(ro)e ™,

for ry € Q. 3)
This is a first-order expression, since the steady time-
averaged second-order displacement u, is neglected, as
the steady pressure p, in the fluid is too small to deform
the surrounding solid noticeably. Using index notation, the
governing equation for #; is given by the Cauchy momen-
tum equation in terms of the elastic moduli C;; and the
stress tensor a5 with components o}, [39],

—_— akdlsl!k, for rog € QSI, (4a)

i = " w2pd
oty = CaaQurg + dur) + (Ciy — 2Caa) 3y 8. (4b)

At the fluid-solid interface 895, the equilibrium posi-
tion is denoted sy, and the interface displacement and

velocity are s; = u;(sy) and V(l) = 0,81, respectively,

s(s0, 1) = 5o + s1(s9)e ™, forsy € 9N, (5a)

9,5(s0, 1) = —iws) (so)e ' = V(l)(so)e_i“”. (5b)

The boundary conditions on BQSﬁl follow from Eq. (5b),
and they are treated further in Sec. II C. The remaining

part of 3Q* is divided into the free surface Qgee and the
transducer-solid interface QP

o) -n=0l-n and W =v,, forredQl,
(6)

o) -n=0"-n and  wf' =", forre dQl,
(6b)

oy -n=0, for r € AQ....
(6¢)

B. The linear piezoelectric transducer

The linear piezoelectric transducer is described by the
elastic deformation #; and the electric potential ¢; gov-
erned by the Cauchy momentum equation and the zero-
free-charge Gauss’s law for dielectrics coupled by the
constitutive equations a]fz(ul,(pl) and D (u;, @) for the
mechanical stress and electric displacement, respectively,
presented in Appendix A,

—,Opz(,l)2ll1 =V. oli’z(ula(pl)a (73)

0=V - -Di(u,qp), (7b)

where (1, ¢1) and Dy (uy, ¢1) are given in Eq. (A2).
The boundary 9Q2P* of QP* is divided into three parts:

the interface QF between QP and Q°, the interface Q)

between ©2P* and the n solid electrodes, and the free surface

Q... The boundary conditions on each part are
pz _ sl pz __ sl _
o, n=o07-n, u =u, and @ =g, ,
pz
forr € 92, (8a)
o - n=0-n, W =ul, and n-D; =0,

forr e BQSIZ,

0" -n=0 and n-D, =0,

(8b)
forr e dQE. . (8¢c)

free*

C. The Newtonian fluid

We assume that the fluid domain Q contains a Newto-
nian fluid described by the Eulerian fields, i.e., density p,
pressure p, and velocity v, and by the parameters of the
unperturbed state, i.e., density pg, sound speed ¢y, com-
pressibility kg = 1/ (pocg), dynamic viscosity 7o, and bulk
viscosity 773- The governing equations in the adiabatic limit
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are the continuity and momentum equations,

dp =—V - (pv), (9a)
d(pv) = =V - [(pv)v] + V - o, (9b)

where o is the stress tensor with components o*i%,
o = [=p + (15 — 510)3; ;18 + 10(Bvx + v (9¢)

In contrast to the solid domain, the governing equations
in the fluid domain are nonlinear, and thus we include
the second-order time-averaged fields in the perturbation
expansion,

p = po+ p1(r)e”™™ + pa(r), (10a)
p =po+pie™ +p(r), (10b)
v=0+4v,(Me ™ +v,(r), forre Q. (10¢)

The resulting governing equations for first- and second-
order perturbation are presented in, respectively, Secs. II1
and IV below, but already, here, we follow up on Egs. (5)
and formulate the no-slip boundary condition (no-slip
BC) v = 9;s relating the Eulerian fluid velocity v to the
Lagrangian wall velocity d;s, Eq. (5b), at the fluid-solid
interface 852?1. This condition applies at all times at the
actual position s(sg, 1), Eq. (5a), so we obtain

v(so +s1e” ) = W(sp)e ™, mno-slipBC.  (11)

Combining Egs. (10c) and (11) with the Taylor expansion
v(so + 51,0 ~ v(sg)e " + ((s; - V)vy) Lo’ and collect-
ing the terms order by order, gives

v1(s0) = V(s0), first-order no-slip BC,

(12a)

v2(s9) = — ((s1 - V)vq) }SO, second-order no-slip BC.

(12b)

D. Surface, boundary-layer, and bulk fields for weakly
curved fluid-solid interfaces

A central quantity in acoustofluidic theory is the so-
called boundary-layer thickness &, which is a dynami-
cally defined length scale that appears in the acoustically
oscillating fluid inside ©f near the fluid-solid interface
882?1; see Sec. III. For megahertz ultrasound in water, § &
0.5 wm is very small compared to the inverse wave number
ky '=¢ /o = 240 pm, and for weakly curved surfaces it

is also much smaller than the radius of curvature R of 895,

2
8= ﬂ, small boundary length scale,
1)
(13a)
d = min { @,R} , large bulk length scale, (13b)
o)
) .
€= p <1, small length-scale ratio.  (13c¢)
i

As in BL18, we introduce, for a given point s at 92,
the orthonormal local coordinates &, 1, and ¢ with their
origin at s, such that ¢ is the normal coordinate pointing
into Q1 e = —n(BQg), and & and 7 are the coordinates
in the tangent plane to dQM at 5o with ez x e, = e;.

Importantly, for fluid fields in both first- and second-
order perturbation, we distinguish between bulk fields 4¢
that extend into the bulk with spatial variation on the bulk
length scale d and that are typically found by numeri-
cal simulation, and boundary-layer fields 4° that decay
to zero away from the wall on the boundary-layer length
scale 8. For the boundary-layer fields, the smallness of the
length ratio € ~ §/d allows for separation of variables and
simplification of the differential geometrical properties, as
summarized in the following expressions, where super-
script “0” refers to surface properties that depend only on
the in-plane coordinates £ and 7, and where subscript “||”
denotes tangential components,

A0, 6) 2 AE,m d(©), (142)
with a®(¢) — 0 for £ /8 — oo,

A = Age: + Ayey, (14b)

V| =e:0: +e,0,, (14c)

VA=V A, (14d)

A VB~ A} - (VB e, (14e)
Vi~ 3ld, (14f)
VA’ ~ A"3}a(t) = 0;4°, (14g)

VA =V A) 4 0.4, (14h)

II. FIRST-ORDER ACOUSTIC FLUID FIELDS

The first step in developing the governing equations
(9) for a Newtonian fluid in a first-order time-harmonic
perturbation expansion (10) is to use the adiabatic relation
between the pressure p; and the density p;,

(15a)
(15b)

iwkop; =V - vy, withp, = cé,ol,
—iwpgv1 = —Vpi + BneV(V - v1) + 1oV7vy,

with B = nj/no + 1,
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where, by using Eq. (9¢), the first-order stress a? has been
expressed in terms of the first-order fields p; and v;.

We have no changes to the treatment in the BLI18
model of the first-order acoustic fields, so this section
contains just a brief summary. The second step is to per-
form a Helmholtz decomposition of the velocity field v;
into a curl-free compressible potential-flow component v¢
and a divergence-free incompressible component vS,

d_y .8
vy = v] + vy,

with V x v{ =0and V - v} = 0. (16a)
Using Eq. (16) in Eq. (15a) gives V - v¢ = iwkop; (v
drops out), and inserting this in Eq. (15b) gives
— iwpo(v] + v9)
= V[—p1 + (B + Dnoliwkop1)] + noV>vi, (16b)

where we have used V2v¢ = V(V - v9).
5

Now, v} is seen to obey a Helmholtz equation with a
strongly damped shear wave number k;, whereas vf is
proportional to Vp;, which upon taking the divergence
becomes another Helmholtz equation with the weakly

damped compression wave number %,

1 —ill
vfz : Vpi1, WithF_M (17a)
wPo POCo
V. vf = iwky p1, (17b)
r
vzpl = — 3]91, Wlth kC == (l +l_> k05 k() = 025
0
(17¢)
1+i 2vp
V) = —k2v}, withk, = ;Ll, 5=/ (17d)

We note that it is through the Helmholtz equation (17d)
with its exponentially decaying solutions due to the shear
wave number k; that the notion of boundary layers of
width § enters the theory. We also note that the damp-
ing coefficient I' in the compression wave number £, is
of second order in the small parameter € of Eq. (13c),
I' = 1(1 4+ B)e® < 1, indeed a weak damping.

Although of second order, the average acoustic energy
density E,. of the fluid occupying the volume Vy and the
time-averaged acoustic radiation force F™¢ on a suspended
particle of radius a and scattering coefficients fy and f; are
given directly by the first-order fields as [20]

1

Epe = — | [ikolp1l® + Lpolvi]*1dV. (18a)
Vﬂ Va

Frad — na3V[%f0Ko|p1|2 - %ﬁ%p0|v1|2]. (18b)

A. The analytical first-order boundary-layer field

For weakly curved, thin boundary layers, discussed
in Sec. IID, the analytical form of the incompressible
velocity field v¢ is easily found from Eq. (17d) to be

vl = vlo(é n)e’k‘g + O(e),

80 do
L _V(l)_vl’

(19a)

first-order no-slip BC. (19b)

Here, by combining Egs. (12) and (16), the amplitude
v3%(&,1) of v} on the surface ¢ =0 is expressed as
the difference between the oscillation velocity Vo(é n)
of the wall and the value vlo(é n) of the compressible
(acoustic) velocity field vl at the surface. Note how v$ =

806i6/5¢=4/5 decays exponentially on the small length

scale § in the ¢ direction normal to the wall.

B. Boundary condition for the first-order pressure

A crucial relation in the BL18 model is the expression
for the normal component v‘f? of v{” on the surface in terms

of the wall velocity V' and the bulk acoustic velocity v%°
which follows from the incompressibility condition (16)
and the analytical form (19),

i
—v-ofl. (20

i
—V- W - T

i
50 _ 50 _
—=V-y = A
S

Vi = A

Using this result, the boundary condition v1 ;= V0 v ;
for the bulk field at the surface takes the self- con51stent
form to leading order in 6 = (1 + i) /s,

i i
v = (V?; - ;Vu : V?”> + ;Vn fl. @1

Writing this first-order velocity boundary condition (BC)
in terms of the pressure p;, using V| - vﬁl’ -V. v

8;v and Eq. (17a), leads to the self-consistent boundary
condition for the first-order pressure p; in the BL18 model,

_lwpg [ i 5
oo = 12 (V= 90 ) - £ 0l
first-order pressure BC at Q. (22)

C. Boundary condition for the first-order stress

The first-order stress condition °! - ¢, = ol - ¢, at the

interface 89?1 with inward surface normal e, is rewritten
by combining the first-order part ol of o, Eq. (9c), with
the first-order expressions Egs. (16), (17), and (19). Keep-
ing terms to leading order in ko6 leads to the first-order
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stress boundary condition of the BL18 model,

sl

o] e, =—pie; + iks’]O(V(l)” - ”ﬁlu)
+ ikno2(W, — vi)ey,
= —p18§ =+ lksno[V(l) - v?’ + (V(l)g - Ui‘lg')ef]’

first-order stress BC at 1, (23)
where in the last expression we have used v = v + v e;.
Since ksno = ((1 4+ 1)/8)no = ((1 +i)/2)kodpoco, Eq. (23)
is the usual pressure condition plus a correction term of
order ko8 = € due to the viscous stress 19d;v{ in the
boundary layer. The last term in Eq. (23) was left out in
the BL18 model.

IV. SECOND-ORDER TIME-AVERAGED
STREAMING FIELDS IN THE FLUID

We compute the time-averaged acoustic streaming by
second-order perturbation theory, closely following the
BL18 model but now extending it in the BL25 model by
keeping terms of higher order in kyd hitherto neglected.
The time-averaged part of the governing equations and
the boundary conditions in second-order perturbation are
obtained from Egs. (9) and (12),

poV vy ==V - {p,v1), (24a)
V.ol =pyV - (v1,01), (24b)
1
V)= —— (iv? -V, v(l)), (24¢)
®

where we have followed Egs. (10) and dropped (-) from
the time-averaged velocity v,, pressure p,, and stress a2ﬂ.

Equations (24) represent a compressible Stokes-flow
problem in the second-order fields v, and azﬁ, where the
known first-order fields act as source terms. This prob-
lem is split in two parts: the second-order boundary-layer
fields driven by the short-range source terms, V - (pl v‘f)
and pyV - (v‘f v‘f + v‘f v‘f + v‘fv‘f), and the second-order bulk
streaming field driven by the long-range source terms,
V - (p1v{) and pyV - (v9v9). The corresponding responses
are long-range bulk fields (superscript “d”’) and short-range
boundary-layer fields (superscript “5”),

vy = v + v}, forre aQf, (252)
P2 =pi+pl, forre aQf, (25b)
ol =0+, forre aQf, (25¢)
v =~ — ((s1 - V)vy), for r = . (25d)

A. Short-range boundary-layer streaming

The governing equations for the second-order boundary-
layer fields, v3, p3, and ¢, are obtained by collecting the

terms of Eqs. (24) that contain at least one short-range first-
order field v{,

V- (povd) = =V - (p1v}), (262)
V-0b = pV - (v]0] + vivi + vvs), (26b)
with V.65 =V(=pS+ BneV - vd) + noV>v5, (26¢c)

where vg — 0 andpéS — 0as ¢ — oo. (26d)

Thus v3, p3, and o are driven by source terms contain-
ing time-average products of first-order terms of the form
(A1, B1), where A, and B, are either v¢ or v}.

To solve Egs. (26), we first combine Eqs. (26b)
and (26c¢) to obtain the Laplacian of v3,

V203 = —BnoV(V - v3) + Vp3

d, s

+ 0oV - (v]v] + v{v} + viof). (27a)

We note that Eq. (14f) gives V2v) ~ Bgvg, and that using
Eq. (26a) the divergence term is rewritten as

—BnoV(V - v3) = BV (v} - V)
_ ,3770w

2
)

Vv (v} - (iv))). (27b)

This term is neglected, as it is smaller by a factor I' com-
pared to the other divergence term. In the BL18 model,
the short-range second-order pressure field p} was also
neglected, since the perpendicular velocity of the wall was
assumed to be small.

However, a major point in the BL25 model is that we
relax this assumption and keep p3. Thus, we end with
two source terms for v, which therefore is split in two
corresponding terms,

v = oY + 0, (28a)

where vgp (&,n,00) = vi”(é, n,00) =0,

1

920y = —Vp3, (28b)
No
1

vag” = V—OV : (v‘f vd 4 v%0d + vaﬁ’). (28¢)

An analytical expression for v} is derived by separating
the first-order fields in the source terms into the parallel
coordinates (£, ) and the perpendicular coordinate ¢,

A = a(Q)AVE, ),
B = b(¢)BY(E,n),

(29a)
(29Db)
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(41, B1) = (ad}, bB) = (ab" 4}, B}), (29¢)

with (41, B1) = (41B1) .

Here, in the last expression, we have introduced the
comma-separated notation (A4;,B;) = (41B,) to ensure
clarity when moving prefactors back and forth between 4%
and BY, such as when collecting all ¢ dependence in the
product a(¢)b*(¢).

The appearance of the simplified Laplacian (14f),
V2g® ~ d}¢’, in the boundary-layer equations (26) implies
that we need to integrate terms (A4, B;) with respect to
¢. To this end, as in the BL18 model, we introduce the
recursive n-fold integrals / jz)(g) for integer values n =
1,2,3,..., and for the extensions » = 0 (no integration)
and —n (the nth derivative),

I © =a@b@)",  lim[a©)b()'] =0, (302)

¢
IjZ)(C)=/ e, 197@), n=1,2,3,..., (30b)
I57@) = #Ma@b@)*], n=123,...,  (30c)
@) =[I2©T, +n=0,1,2,3,..., (30d)
1, B1) = (19 ©)A&,m), BYE, ). (30¢)

We also need the coordinate-separated expressions for
the ith component [V - (41, B;)]; of the single divergence
V- (4,B)),

V- (4. B)] = V(1043 B)

=V (15 @43, B )+ (15" @45, B, ). G1a)
with tangential and normal components

[V - (41, B1)]

=V '<I§2)(§)A?n53?n> + <I(§El)(§)A?H’B?c>’ (31b)
[V - (A41,B1)];
= Vi {1 @l BY )+ (15, 40 B ). Glo)
and for the double divergence V - [V - (41, B1)],
V-[V.-{4,,B)]
=0, [V (19 @43, By ) + (15 @48, B, )]
=V- [Vu '<1§2)(§)A(1)||’B(1)n>] + <1¢EZZ)(C)A?;’B(1);>

+V- [(15;1)@)14‘1)“,3?;) + <1(§;1>(§)A?§,B?”>] )
(31d)

Using the solution (19a) for v‘i and a first-order Taylor
expansion in ¢ of v‘f valid in the boundary layer ¢ < d,
we obtain the explicit coordinate-separated form for the
relevant velocity fields in the boundary layer,

v) = q(0)v(E,n), with g(¢) = ™, (32a)

v{ = v{" + ¢ 3o, with 30" = lin}) 3 v{. (32b)
—

We now see that the functions a(¢) and b(¢) of Egs. (29)
in the source terms of Egs. (26) are either ¢(¢), ¢, or unity,
and that each product a(¢)b(¢) contains at least one decay-
ing factor ¢(¢), so the zero-at-infinity boundary condition
(30a) is fulfilled. On the surface ¢ =0, 1 ;Z) (¢) becomes

1 LEZ) =1 [EZ) (0), which leads to the explicit values,

a A —14+i A(_
=1 _ =D _ =D _
Ly =0, Iql - s Iq{ =1

(33)

3(0) __ 70) _ 70) _
Iqq =1, Iq1 =1, Iq; =0,

=g 1= 0= ts
o= 1Wele 0= lp
T e
= I =g 1=l

We can now find the analytical solution for v$ to be
used in the slip boundary condition (25a) for the bulk
streaming velocity v4" at the wall, ¢ = 0. As shown in
Appendix B, v} is found by integrating Eq. (28) twice
from ¢ = oo, where it is zero, to ¢ using that: (1) the
right-hand side of Eq. (28), called /™S, can be separated
in the in-plane and perpendicular coordinates (£,7) and
¢, respectively; (2) f™ forms a linear superposition of
functions £, (&, n)[jza)(g), a=1,2,...,M; and (3) the
functions / éEZ"‘)(;“) have the special properties summarized
in Egs. (30), notably the integration property (30b) that
changes a ¢ integration into a simple increase by unity
of the index n,. The structure of the computation of v} is
simply (see details in Appendix B),

M
005 =Y £ (E ML (@), (34a)
a=1
which implies
M
vy =Y fME I Q). (34b)

a=1
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The surface value vgo of the boundary-layer field vg is
derived in Appendix B in terms of its tangential and nor-

mal components, including the prefactor 1/vy = ﬁ, and

by substituting the bulk factors 7, ‘”)(g) with their surface
values 1 given in Eq. (33), with ~ 2 2w 2 F0 o §n2,

99 > ws2"1q
7(n) n—1
and 52[{(] o< 8", The result is

vgo = vzu + Uz; e, (35a)
o= e {9 it t) + (ot
+ <I(2)v1{,v1d?>]
£ V- (Tt olf) + (15wl i)
+V- (I(z)vln,v1|| —|—<I(l)v1”,v1>
)

(2)
+ V- < v‘?ﬁ,vl”>

(i, vt
+{I8p v, i)+ (10030, 0 0) ] (35b)
i =~ vy [9 - (1wl o) + (1ol i)
+Vy- [Vn < )”7ﬁa”1\|>+<1(2) fﬁ'wf?)]
+ V[V (10l v + (100, 00}
+Vy - [ (167 0o, vi2) + (12088 02 |
(35¢)

Here, terms to the two lowest powers in the small length
scale & are kept, which for Eq. (35b) are ! and §°, and
for Eq. (35¢) are 8° and 8!. These expressions for vgo are
central in the BL25 model. In BL18 only the lowest power

8~'in Eq. (35b) and 8° in Eq. (35¢) was kept.

B. Long-range bulk streaming

The governing equations for the second-order bulk
streaming follow from the long-range part of Egs. (24), and
they are the same as in the BL18 model,

poV vy =V - (p1vf), (36a)
V.04 =pV (v1v1>

= p0<vl . Vvl) + p0<va . vf), (36b)

with V-0§= -V (py — BnoV - v3) + noV>v4. (36c)

As shown in Ref. [31], the source terms in these equations
can be evaluated using Eqgs. (16) and (17),

ko
Vvl =T—?~0, 37
v, 2co|v1| (37a)
2 Fow, ,,
nV>vy = Vp5 — — (pivi), (37b)
0
4 =pd — Grolpf{1? — Lo V{1, (37¢)

where we have introduced the excess pressure ¢, which
is the second-order pressure pzd minus the time-averaged
acoustic Lagrangian density.

Next, we express the second-order boundary condi-
tion (25a), v‘zjo = _vgo — ((s1 - V)v1) |r=0, in terms of the
first-order surface values V) and v¢ of the wall velocity
and the bulk acoustic velocity, respectively, noting that
by Eq. (19b) we have v¥* = ¥ — v‘fo. This has already
been achieved for the surface value v3° of the boundary
streaming in Egs. (35); only the Stokes drift term v§d =
((s1 - V)v1) |,=0 needs to be treated here. We use Eqs. (12)
s1 = (i/w)V, and Egs. (14b) and (32) to compute in-plane
and normal derivatives, and obtain

vy = ((s1- V)v1) g0

1
= 5[(:‘(V§’ V), v + v§)]e 2o
= é[(iV?-,Vv‘fo + Vo) + (K ko)) (38)

The final form of the slip boundary condition (25a) for vgo
is obtained by combining Egs. (35) and (38),
v = — )’ + o) =

—(v3] +v3) — (v + V5D e

(39)

In the BL25 model, the second-order steady bulk streaming
vg appears as a weakly compressible Stokes flow gov-
erned by Eqs. (37), which is driven by the weak body force
—(Tw/ c%) (pf vf) and by the slip boundary condition (39).
All the driving terms have the form of time-averaged prod-
ucts of the first-order fluid pressure and velocity fields p,
and v; and the first-order solid displacement field u; with
wall velocity W as described in Secs. II and III, respec-
tively. In the following section we describe how this model
is implemented in COMSOL Multiphysics for numerical
solution.

V. ACOUSTOFLUIDIC DEVICE MODELING

We introduce two polymer-based model systems, a 3D
device driven by a thin-film transducer and a 2D device
driven by a bulk transducer, as sketched in Fig. 1 with
the specific geometrical parameters listed in Table 1. The
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top electrode of the transducer in both models is split by
a groove to ensure an efficient excitation of a selected
antisymmetric resonance mode.

A. The 3D model with a thin-film transducer

The 3D model is made as small as possible to allow for
simulations using the Full model within the available 600-
GB-RAM memory capacity of our computer system, while
still containing all essential elements of an acoustofluidic
device: a fluid cavity (fl) embedded in a solid (sl), which
is driven by an attached piezoelectric transducer (pz). Spu-
rious corner effects are avoided by choosing an ellipsoidal
fluid domain with principal axes Lg = Wy 2 Ha, all less
than 300 pwm. The dimensions of the box-shaped solid
of length Ly, width Wy, and height Hy are less than

(a)

Symmetry
y-z plane

Antisymmetry
-z plane

Thin-film QP

A10_68C0_4N
Fluid v, =p¢ + v}
€ d
2 vl
S Y 1)) s« CAN

+ ,Ufls’o V10 vfo
Solid V¥ = v{° 4 v{°
(b) Wsl

Solid Q!

& Fluid Of

Bulk PZT QP

p=0
Wy

FIG. 1. Two acoustofluidic device models used for numeri-
cal validation of the BL25 model against the Full model; see
parameter values in Table I. (a) The small submillimeter 3D
model consisting of an ellipsoidal fluid domain embedded in a
solid with a thin-film Aly ¢Sco 4N transducer attached on its lower
surface. (b) The 2D millimeter-sized model consisting of an ellip-
tic fluid domain embedded in a solid, which is attached to a
bulk lead-zirconate-titanate transducer via a glue layer. The inset
shows an enlargement of the fluid-solid interface that illustrates
the Helmholtz decomposition (16) v; = v”{ + v‘f of the acoustic
velocity field.

TABLE I. The geometrical parameters for the 3D and 2D
polymer-based devices considered here; see also Fig. 1.
Symbol Value (pm) Symbol Value (pum)
3D device driven by an AlysScy 4N thin-film transducer

Ly 500 Ly 300

/8 475 Wy 275

Hy 320 Hy 120
Hy, 2 Twi 100

2D device driven by a bulk PZT transducer

W 2750 Wy 392

Hy 650 Hy 351

W 3500 Wer 150
Hy, 500 Hy, 100

H, 9 Hy 20

500 wm, which results in resonance frequencies in the rel-
evant range of 1-2 MHz. The elastic solid is poly(methyl
methacrylate) (PMMA), and the smallest possible trans-
ducer is a thin-film Aly¢Sco 4N transducer of height H,,, >~
2 wm, which covers the bottom surface of the solid as
studied in Refs. [40,41].

By assuming the y-z and x-z plane to be a symmetry
and an antisymmetry plane, respectively, the computa-
tional domain is reduced to a quarter of the full domain.
The boundary conditions presented in the previous sec-
tions therefore need to be supplemented by the following
(anti)symmetry-plane conditions valid for each perturba-
tion order.

Symmetry atx = 0 : (40a)
0p1 =0, 0 =0, u,=0, o}, =05, =0,
(40b)
dpr=0, v, =0, opl =05y =0 (40c)
Symmetryaty =0 : (40d)
dpr=0, v§ =0, op =05 =0.  (40e)
Antisymmetry aty =0 : (401)
pr=0,01=00},=0, up=u,=0. (40g)

Finally, as there are only a top and a bottom electrode
on the transducer in the symmetry-reduced model, the
potential boundary condition (8a) becomes

o1 = +10o, for r € 9%, (41a)
@1 =0, forr € 0Q%, | (41b)

The 20-nm-thick metal electrodes are not explicitly
included in the model, but they appear indirectly through
the potential values (41) on the transducer surfaces.
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B. The 2D model with a bulk transducer

The 2D model is nearly the same as the cross
section of the actual millimeter-sized bulk-transducer-
driven polymer-based device studied in Ref. [20]. How-
ever, to avoid spurious corner effects in the numerical
validation, we have changed the original rectangular fluid
domain to a smooth elliptical domain with major axis Wy
and minor axis Hy. The rectangular solid and bulk lead-
zirconate-titanate (PZT) transducer have width x height
given by Wy x Hy and Wy, x Hy,, respectively. The glue
layer between the transducer and the solid has the thickness
Hy, the thickness of the electrodes is H,, and the glue-
filled grove in the top electrode has width W, and height
Hy,. Note that in this model there are three isotropic elas-
tic solid domains with corresponding Cauchy momentum
equations (4), i.e., the PMMA wall (sl = pm), the glue layer
(sl = gl), and the silver electrodes (sl = el). Also, note that
the boundary conditions (6b) according to Fig. 1, instead
of only BQ’S’IZ , now include three types of interfaces, i.e.,
92y, 982y, and 9"

Finally, the potential boundary condition (8a) is speci-
fied by the antisymmetric form around the y = 0 line of
the voltages applied to each of the three electrodes of the
2D device, the top-left, top-right, and bottom electrodes,

@1 = +%(p0, forr ¢ BQ![:)OZp_lefts (422)
@1 = —%fﬂo, forr e BQfOZp_right, (42b)
@1 =0, for r € 0Qpom- (42¢)

VI. NUMERICAL IMPLEMENTATION IN coMSOL
MULTIPHYSICS

Following the previous work from our group, the gov-
erning partial differential equations (PDEs) are imple-
mented in the finite-element method software COM-
SOL Multiphysics [42] using the ‘“Weak Form PDE
Interface” [31,35] (see a sample script in the supple-
mental material of Ref. [43]). All simulations consist of
two study steps: In step 1, the first-order acoustic equations
are solved, and the result is passed on to step 2, in which
the time-averaged second-order equations are solved using
the first-order solutions in the different source terms.

In the Full model, the acoustic fields are the pres-
sure p; and the full acoustic velocity v; in the fluid, the
displacement #; in the solids, and the electric potential
¢ in the transducer. The governing equations of these
fields are Egs. (4), (7), and (15), and the correspond-
ing boundary conditions are Egs. (6), (8), and (42). The
time-averaged fields are only the pressure p, and the full
streaming field v, in the fluid, with the governing Stokes-
flow equation and Stokes-drift boundary condition both
given in Egs. (24).

In the BL25 model, the acoustic field is just the pres-
sure p; in the fluid, the displacement #; in the solids, and

the electric potential ¢, in the transducer. The governing
equations of these fields are Eqgs. (4), (7), and (17¢), and
the corresponding boundary conditions are Egs. (6) and (8)
as well as the self-consistent effective boundary-layer con-
ditions for the pressure and the stress, Egs. (22) and (23).
The time-averaged fields are only the excess pressure ﬁzd
and the long-range bulk streaming field v¢ in the fluid, with
the governing weakly compressional Stokes-flow equation
(37) and the effective boundary-layer velocity slip con-
dition given by Egs. (39) in combination with Egs. (35)
and (38).

An important technical note regards third derivatives in
COMSOL, which appear several places in the boundary con-
ditions (35), such as 9.9, vfx o 9.0y, 0xp1. In COMSOL, such
a term is set to zero, as three consecutive derivatives of any
field are not allowed. Consequently, we introduce an auxil-
iary vector field G| equal to the pressure gradient Vp; such
that its kth component is Gy, = dip;. Following Eq. (17a),
we set vf = —[i(1 —il")/wpy]G;, which in COMSOL has
nonzero second derivatives, such as 9.9, vfx # 0.

To understand the following details in the COMSOL
implementation, it is relevant to mention that in COMSOL
the partial x derivative d,f of a scalar field f* is written
by appending a lower-case “x” to “£” as “f£x”. Thus the
Cartesian coordinates of the gradient V/ are written as
“(fx, fy, £z)”. To avoid ambiguities, the Cartesian vec-
tor components of a vector v are represented by upper-case
letters such as “(vX,vY,vZ)”. The partial x derivative
oy v, of the component v, is thus written “vXx”.

In the coMSOL implementation of the effective bound-
ary conditions of the BL25 model, the local tangential and
normal unit vectors e = t;, ¢, = f,, and e; = n, the tan-
gential derivatives V|, and the time average (ai,b;) of
first-order products a5, play a crucial role. In COMSOL,
the local tangential and normal vectors have the Cartesian
components “(t1X,tlY,tlZ)”, “(t2X, t2Y,t22)”,
and “(nX,nY,nz)”, respectively. As we work only in
the limit of weakly curved interfaces, as described in
Sec. IID, all ¢ derivatives of normal and tangential vec-
tors are neglected. For example, the ¢ derivative 9, v, of
the ¢ component of the interface vector v is computed
as 9;(n-v°) ~ n - 9,0° = n,(n,d;)v), which in coMsoL
is the nine-term sum “nX*nX*vXx + nX*nY*vXy +

+ nZxnZ+vzz”. The tangential derivatives are
computed without approximations using the COMSOL
operator “dtang () ”, and the time averages are computed
using the COMSOL operator “realdot ()”. To avoid
the spurious imaginary parts that sometimes appear, we
explicitly take the real part, “real (realdot () )” ofall
“realdot ()” terms.

Since we cannot use & as a superscript in COMSOL
scripts, we introduce the superscript changes: § — “d”
(for delta), d — “£” (for fluid bulk), and sl — “s” (for
solid). In cOMSOL at the fluid-solid interface ¢ = 0, the
Cartesian coordinates of the wall velocity Y, the bulk fluid
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velocity v”ll , and the boundary-layer velocity v$ are written
as “(vslX,vslY,vslz)”, “(vflX,vfly,v£flz)”,
and “(vdlX,vdly,vdlZz)”, where the latter accord-
ing to v‘fo = V(l) — v‘fo is computed as “(vsl1X-vflX,
vslYy-vfly, vslz-vE£lz)”. As mentioned above,
G, is introduced as an auxiliary field equal to Vp,
by the weak-form definition “test (GK) * (GK-plk)”
for K=X,Y,Z and k = x,y, z. The bulk velocity and
its gradient are correspondingly defined as “vflK =
(1-i*Gam0) / (i*omega*rho0) *GK” and “vE1KN
= (1-1i%Gam0) / (i*omega*rho0) *GKn” with K,
N=XY,Z and n=x,y,z. All tangential derivatives
after coordinate £ of component K of the wall velocity
Y are computed as “vs1Ktk = dtang (vs1K, k)” with
K=1X,Y,Z and k = x,v, z, and similar for vﬁlo and v‘fo.
Here, “Ktk” in the name “vs1Ktk” is read as “the Kth
component’s tangential & derivative”.

Using this notation, we implement all the govern-
ing equations and boundary conditions of the BL25
model. In the following we show how the first-order
boundary conditions are implemented, and then refer
to Appendix C for a more detailed description includ-
ing the elaborate second-order boundary conditions. The
first-order pressure boundary condition (22) is written
as “ixomega*rho0/ (1-1i+Gam0) *» (nX*vslX+nY=*
vslY +nZ+vslZ -ii/ks+divparvsl0) —ii/ksx
(kc"2*pl + plzetazeta)”, where “divparvsl0”
is the tangential divergence V - V?” written as “vs1XtX+
vslYtY+vslztz” and “plzetazeta” is the second-
order ¢ derivative 8{2p1 =(m-V)(n-V)p; written as “=
nX*xnX*plxx + 2+xnX+*n¥+*plxy + 2+nX+nZ*plxz
+ nY*nY*plyy + 2*xnY*nZ*plyz + nZ+*nZxplzz”.
Similarly, the kK component ¢, - 05 - e, of the first-order
stress boundary condition (23) is written as “-pl*nK
+ i*ks*etal=* (vdlK+nK*vdlzeta)”, where K =
X,Y,Z and “vdlzeta = vdlX*nX+vdlY*nY+vdlZ

ER]

*NnZ" .

VII. NUMERICAL VALIDATION

To validate the BL25 model numerically, we have simu-
lated the 3D and 2D polymer-based acoustofluidic devices
with elliptical fluid channels shown in Fig. 1 and with the
material parameters tabulated in Table II. As described
below, the BL25 model results were successfully first
tested for internal consistency by performing a mesh-
convergence test, and then they were compared with
results obtained by direct numerical simulations of the
same devices using the Full model. In 3D, we find that
using the Full model for direct numerical simulation of
acoustofluidic devices of typical experiments [10,48] is out
of the question, as it would require more than 1000 GB of
memory, making it harder to simulate even using the DTU
High Performance Computing (HPC) cluster at our dis-
posal. Hence, we consider the tiny, yet physically realistic,

device described above, which, although not of practical
use, at least allows us to compare the BL25 model solu-
tions with the Full model solutions. We remark that, even
with this tiny device, we are close to the limit of the finest
mesh resolution that we can obtain when running the Full
model on the DTU HPC cluster. In the 2D case, we are not
near this mesh resolution limit, and we compared both the
BL25 and the BL18 model to the Full model.

Qualitative validation in the form of plots for selected
field components g are supplemented by the quantitative
relative deviation €,(g?, g”') of the BL model field g? from
the Full model field g©° using the L?-norm on the domain
Q[22],

B _ _F
exgﬁgF)=-kﬁE;%J3, wﬁhHgH2=,/AJgPdV
2

(43)

A short summary of the following validation results is
that the BL25 model can predict the Full model results
accurately for first- and second-order fields in 3D and 2D,
on and off resonance, and for hard glass-silicon and soft
polymer devices. In contrast, the BL18 model (only tested
in 2D) proved accurate only for first- and second-order
fields in hard glass-silicon devices run on resonance.

A. Mesh convergence and computational times in 2D
and 3D of the BL25 and Full model

We have performed a mesh-convergence study for both
the 3D and 2D models to determine the mesh that gives a
sufficient resolution for finding correctly converged solu-
tions; see the details in Appendix D. The mesh size is
quantified by a mesh scale s with 0.05 < s < 0.85. When
s 1s increased, more and smaller mesh elements are intro-
duced, and a better-resolved mesh results. For a given field
component g, we make a semilogarithmic plot €;(g;, 20.85)
versus s of the relative deviation €;(g;, g9.85) of the solu-
tion g, with mesh scale s from the solution g, gs with the
maximum mesh scale s = 0.85 (the finest mesh). For all
fields [in first order p;, vi; with i = x,y(,z), u;; with i =
x,¥(,z), and ¢;; and in second order p,, and v,; with i =
x,y(,z)], we find that €,(s) for s = 0.2 is well described
by an exponential decay, which indicates that convergence
is obtained. In particular for s = 0.7, all relative devia-
tions are small, €,(0.7) < 0.01, and we therefore choose
this value of s as our converged mesh. As in Ref. [22],
the first-order fields converge faster than the second-order
fields.

The computational time and memory requirement for
the various simulations using the converged mesh scale
s = 0.7 are as follows. In 2D, all simulations are done
using COMSOL 6.2 on an HP-Z4 workstation with an Intel
Xeon W-2295 processor CPU @ 3.00 GHz and 512 GB
of random access memory (RAM). All 2D simulations use
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TABLE II. Parameter values at 25°C used in the numerical
simulation of fluids (water, iodixanol-water, and glycerol-water),
solids (PMMA, NOA 86H glue), and transducers (PZT Pz27 and
Alp6Sco4N). For the isotropic solids Cj; = Cj; — 2Cy4, and for
the transducers Ci, = C1 — 2Cg.

Parameter Symbol Value Unit
Water [24]

Mass density ol 997.05 kgm™3
Speed of sound e 1496.7 ms™!
Compressibility KA 447.7 TPa~!
Dynamic viscosity na 0.89 mPa s
Bulk viscosity nh 2.485 mPa s
lodixanol-water 16 vol % solution [20,24]

Mass density o 1050.0 kgm™3
Speed of sound cq 1482.3 ms™!
Compressibility K 433.4 TPa~!
Dynamic viscosity na 1.474 mPa s
Bulk viscosity nh 1.966 mPa s
Glycerol-water 99 vol % solution [20,44]

Mass density ot 1260.4 kgm™3
Speed of sound cq 1922.8 ms™!
Compressibility Kf 214.6 TPa™!
Dynamic viscosity na 1.137 Pas
Bulk viscosity nh 0.790 Pas
PMMA [39]

Mass density oY 1162 kgm™3
Elastic modulus Cn 7.18 —i0.183 GPa
Elastic modulus Cyy 1.55 —i0.111 GPa
Glue layer (NOA 86H) [39]

Mass density 0% 1300 kgm~3
Elastic modulus Ciy 4.65 — i0.51 GPa
Elastic modulus Cyy 1.21 —i0.12 GPa
PZT Pz27 bulk transducer [45]

Mass density pP* 7700 kgm™3
Elastic modulus i 124 — i0.601 GPa
Elastic modulus Ci 77 —i0.442 GPa
Elastic modulus Cis 80 — i0.091 GPa
Elastic modulus Cs3 119 —i0.538 GPa
Elastic modulus Cua 20.4 — i0.486 GPa
Coupling constant els 11.0 Cm™
Coupling constant el -52 Cm™2
Coupling constant €33 16.3 Cm?2
Electric permittivity &1l 982 ¢ Fm™!
Electric permittivity £33 804(1 —i0.003) ¢ Fm™!
AlysSco4N thin-film transducer [41,46,47]

Mass density oP? 3300 kg m~3
Elastic modulus Ch 313.8 —i0.157 GPa
Elastic modulus Cip 150 — i0.075 GPa
Elastic modulus Ci3 139.2 —i0.069 GPa
Elastic modulus Cs3 197.1 —i0.099 GPa
Elastic modulus Cyy 108.6 — i0.054 GPa
Coupling constant els —0.317 Cm™2
Coupling constant e —2.653 Cm™2
Coupling constant es3 2.734 Cm™2
Electric permittivity €11 22.5(1 +i0.0005)¢y Fm™!
Electric permittivity £33 22.5(1 +i0.0005)¢y Fm™!

the same 2D mesh, which has 23 145 mesh elements with
12 712 mesh vertices, which for the Full model results in
543107 degrees of freedom (DoF), a computational time
of 48 s, and a memory usage of 16.8 GB RAM, and which
for the BL25 model results in 363915 DoF, a compu-
tational time of 30 s, and a memory usage of 14.8 GB
RAM.

For the 3D simulations, despite the small-sized device
geometry, the computational time and memory require-
ment of the Full model forced us to use the DTU HPC
cluster. To obtain a fair comparison of the computational
time requirement between the Full model and the BL25
model, we therefore also ran the latter on the DTU HPC
cluster. In 3D, the Full model mesh has 101 839 mesh ele-
ments with 25 060 vertices, which results in 2 536 778 DoF,
a computational time of 26 min 26 s, and a memory usage
of 348 GB RAM. In contrast, the 3D mesh of the BL25
model has only 35098 mesh elements with 6344 vertices,
which results in 278 078 DoF, a computational time of 1
min 11 s, and a memory usage of 33 GB RAM. Here we
clearly see the huge reduction in the computational require-
ments when going from the Full model to the BL25 model
in 3D simulations. We end by noting that the much higher
computational cost of the Full model is caused not only
by the fine resolution needed in the thin boundary layer,
which by construction is avoided in the BL25 model, but
also because, to obtain the same accuracy, the Full model
requires a finer mesh in the bulk than the BL25 model.

B. 3D numerical validation of BL25 versus Full model:
The tiny PMMA device with an ellipsoidal cavity

We now turn to the numerical validation of the BL25
model by comparing it to the Full model. This is done
on the tiny submillimeter PMMA-based ellipsoidal-cavity
device actuated by a thin-film transducer described in
Sec. V A. The comparison covers simulation of the first-
and second-order fields mentioned in Sec. VII, and we
remark that, to the best of our knowledge, the Full model
simulations are the first of its kind carried out for a 3D
acoustofluidic device.

The thin-film transducer is attached at the bottom of the
device as shown in Fig. 1(a), and the device is actuated
by applying an ac voltage with frequency / and amplitude
+%<po (—%gpo) on the top left-half (right-half) of the split
top electrode, ¢y = 1 V, and by grounding the bottom elec-
trode. Using the BL25 model, the resonance frequency for
the PMMA device is obtained as the position frs = 2.03
MHz of the maximum energy density E,.(f) in a fre-
quency sweep from 0 to 2.5 MHz in steps of 5.0 kHz, and
we find that E,. (fies) = 0.06 I m 3.

Then we compute the first- and second-order acous-
tic fields in both the BL25 and the Full model at fs.
The comparison of the first- and second-order fields in
the two models are presented in Figs. 2(al) and 2(bl),
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respectively. The relative deviation between the models is
€ < 0.5% and 3™ < 2% for the first- and second-order
fields, respectively, and both models find that, for example,
the first-order acoustic pressure inside the fluid channel has
the amplitude 21 kPa and the maximum solid displacement
of the PMMA is 1.5 nm.

The second-order velocity (streaming) fields are notori-
ously difficult to compute. We obtained them in the BL25
model by computing vg using Egs. (36) along with the slip
boundary conditions (39), and in the Full model we solved
the second-order Egs. (24) to obtain the streaming fields
also inside the numerically resolved boundary layers. The
contour plots of the streaming velocity v, for the 3D tiny
PMMA device obtained in the two models are shown in
Figs. 2(a2) and 2(b2), respectively. We obtained the same
streaming pattern in the two models in the bulk of the
fluid volume, including the conventional Rayleigh stream-
ing pattern with the four streaming rolls in the y-z plane,
as well as the streaming pattern in the central x-y plane
and x-z plane. In the plots we have normalized the stream-
ing fields by the amplitude vy, = %Ulz/co =0.06 pm s~!
of the conventional Rayleigh streaming.

The good agreement between the BL25 and Full models
is further corroborated by plotting the respective streaming
velocity components along the two lines passing through
the point (0.1Ls,0.1W,0.5H;) parallel to the y and z
axis, respectively. The resulting line graphs are plotted in
Figs. 2(c) and 2(d), where minor deviations can be seen
closer to the boundary layers, which can be attributed to
the coarser mesh used in the Full model. Since we are
at the limit of the computational capability for using the
Full model, the boundary layer in this model was not fully
resolved, but nevertheless the relative deviation in terms of
L?-norms for the line plots were €, < 1.7%.

C. 2D numerical validation of BL25 versus Full model:
Normal-sized PMMA device with an elliptic cavity

As the final part of the numerical validation of the BL25
model, we consider the 2D cross section of the normal-
sized long, straight PMMA device with an elliptic water-
filled microchannel, which was introduced in Fig. 1(b)
together with the parameter lists in Tables I and II. Like
conventional acoustofluidic devices, the 2D PMMA device
is actuated by a bulk-sized piezoelectric transducer glued
by a thin layer of glue to the bottom surface of the PMMA
block. Going to 2D has the advantage that the problems
related to the extensive computer memory requirements in
3D are avoided, and we can also redo the numerical val-
idation of the BL18 model, which was done only in 2D
in the original work [31]. For better comparison, we have
used the same mesh in Full and BL models in the present
analysis, although a coarser mesh would suffice for the BL
models [31].

(al) Full model (a2)
2.03 MHz

H,
X 7 K l 0
A s
\9\‘7¢ /%LS
(b1) BL25 model (b2)

2.03 MHz

—-—-—-BL25 model

2
1 L —— —Full model Va2 [Vstr
N;/?}S“.
0 ]
—1t “ N ‘7722/1«'str
| v2y/vstr
=25 vy, [str ==, ==, —=BL25 model
-3 29/I>t ‘ . —,—,—Full mO(‘iel
00 01 02 03 04 10 12 14 1.6
y/Wf Z/Hf

FIG. 2. Validating the first- and second-order fields of the
BL25 model against the Full model for the tiny submillimeter
3D PMMA device actuated by a piezoelectric split-top-electrode
thin-film transducer at the resonance frequency f;.s = 2.03 MHz;
see Fig. 1(a) and Table I. (al) Color plot of the Full model first-
order pressure p; from —21 kPa (blue) to +21 kPa (red), the
amplitude of the displacement field |u; | from O (dark blue) to 1.5
nm (yellow), and the electrical potential ¢; from —0.5 V (green)
to +0.5 V (red). (a2) Vector plot of the Full model streaming
velocity v, and color plot of its normalized magnitude v, /vy,
from 0 (dark red) to 3.0 (light yellow). (bl) Same as panel (al),
but for the BL25 model. (b2) Same as panel (a2), but for the
BL25 model. (c) Comparison of line plots of the streaming field
components for the Full and BL25 models along the green line
parallel to the y direction. (d) Same as panel (c), but plotting
along the green line parallel to the z axis.

Similar to the 3D device, the transducer of the 2D has
a split top electrode, and it is actuated by applying an
ac voltage with frequency f and amplitude —l—%(po (—%(po)
on the top left-half (right-half) of the split top electrode,
¢o = 1 V, and by grounding the bottom electrode. As in
3D, the resonance frequencies f;.s of the 2D PMMA device
are obtained as those leading to local maxima Eqc(fres)
when computing the acoustic energy density E,. versus
frequency from 0.5 to 2.5 MHz in steps of 5 kHz. The rel-
evant resonance frequency here is fi.s = 0.98 MHz, which
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clearly, and in accordance with the WSUR principle for
acoustically soft (PMMA) devices [21], is much lower
than the corresponding resonance mode (~ 2 MHz) in an
acoustically hard (glass) device.

In Figs. 3(al), 3(bl), and 3(c1) are shown the simulated
contour plots of the first-order fields for the 2D PMMA
device at resonance, fi.s = 0.98 MHz, obtained from the
Full model, the BL25 model, and the BL.18 model, respec-
tively. The resonance mode here is a mixed-mode type
with two pressure nodal lines (planes in 3D) parallel to
the y and z directions. The amplitude of the first-order
acoustic pressure p; inside the channel is found to be
12.4 kPa, and the maximum displacement «; of the PMMA
is 12.7 nm. All three models predict the same first-order
fields, and the relative deviations from the Full model are
small, €} < 0.01 for both the BL25 and the BL18 models.

1 _ 1 2 z
(al) fui) 12.7 nm¥ g fn (a%if'}\\
SIS Full model | / N
AN 0.98 MHz <' y

Pl | 12.7 ool
+12.4kPa
| BN

Pl | 12.7 nrd
+12.4kPa

&

FIG. 3. Validating the first- and second-order fields in the
BL25 and BL18 models against the Full model for the
millimeter-sized 2D PMMA device actuated by a piezoelectric
split-top-electrode bulk transducer at the resonance frequency
fres = 0.98 MHz; see Fig. 1(b) and Table I. (al) Full model first-
order fields: pressure field p; from —12.4 kPa (blue) to +12.4
kPa (red), the magnitude of solid displacement field |u;| from O
(dark blue) to 12.4 nm (yellow), the first-order electrical potential
from —0.5 V (green) to +0.5 V (red) via the grounded electrode
value of 0 V (yellow). (a2) Full model second-order streaming
field normalized with the Rayleigh streaming velocity from 0
(dark red) to 1.78 (yellow). (b1) Similar to panel (al), but for
the BL25 model. (b2) Similar to panel (a2), but for the BL25
model. (c1) Similar to panel (al), but for the BL18 model. (c2)
Similar to panel (a2), but for the BL18 model.

In Figs. 3(a2), 3(b2), and 3(c2) are shown the sim-
ulated contour plots of the second-order streaming field
for the 2D PMMA device at resonance, fr.s = 0.98 MHz,
obtained from the Full model, the BL25 model, and
the BL18 model, respectively. Whereas the BL25 model
still has a small relative deviation from the Full model,
€2 (VP vIM) = 2%, the BL18 model fails completely
both quantitatively with e, (vEM3, vIM) = 96% and pre-
dicting a qualitatively wrong solution. We note that when
computing the L?-norm we exclude the region closer than
15 pm to avoid the boundary layers where the BL mod-
els by construction deviate from the Full model. In this
mixed-mode resonance, the conventional Rayleigh stream-
ing pattern with four flow rolls does not appear, but for
convenience we still plot the streaming fields normal-
ized with the Rayleigh streaming velocity v, = %vf/ co =
0.06 wm s~!. This comparison highlights the necessity of
replacing the BL18 model by the BL25 model.

To further study the extent to which the BL25 and BL18
models reproduce the Full model results for the second-
order streaming velocity, we supplement the current ellipti-
cal channel cross section with eccentricity 0.44 by another
with eccentricity 0.87, both embedded in PMMA (soft) and
in glass (hard). The respective relative deviations €, from
the Full model are listed in Table III.

Clearly, the BL25 model is more accurate than the BL18
model. The relative deviation of the BL25 model from the
Full model is at most 4%, whereas the BL18 model devi-
ates typically by 10% or more. However, we note that
the BL18 model is performing better for the hard glass
devices than for the soft PMMA devices, and the best per-
formance of the BL18 model is at resonance frequencies
in hard devices, exactly the case that was tested previ-
ously [31,35]. The reason for this behavior is that the

TABLE III.  The relative deviation €;(v%, v5) of the BL25 and
BL18 models from the Full model simulation of the acous-
tic streaming v, for elliptic channels with eccentricity e = 0.44
[Fig. 1(b)] and e = 0.87, embedded in (soft) PMMA and in
(hard) glass, and actuated at the frequency f . Boldfaced entries
are computed at resonance.

f 2D device with PMMA
(MHz)

2D device with glass

2. 1 2 1
WP, v))  e®vl) e ) a®® )

Elliptical channel cross section with eccentricity e = 0.44

0.98 4% 96% 3% 16%
1.52 2% 13% 1% 27%
3.66 3% 24% 1% 7%
4.02 1% 14% 1% 9%
Elliptical channel cross section with eccentricity e = 0.87

0.98 3% 148% 3% 20%
1.97 1% 25% 1% 2%
3.95 1% 13% 2% 36%
4.27 1% 18% 2% 16%
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prefactors of the terms in the higher orders of k6 previ-
ously neglected are so large that these terms cannot be
neglected. The inclusion of these terms is exactly what
distinguishes the BL25 model from the BL18 model, and
we now see the result: the BL25 model is accurate both
on and off resonance for both hard and soft devices. It is
worth mentioning that the computation time of the com-
plex and more accurate BL25 model is not significantly
different from the simpler BL18 model. The reason is that
the model complexity only affects the short time for initial-
izing the finite-element matrix, but not the subsequent long
time spent by the finite-element solver.

So far, we have discussed only geometries without sharp
corners. However, the right angles in a rectangular channel
cross section are sharp with zero curvature. Thus, this
common geometry breaks the fundamental assumption of
weak curvature, on which the boundary-layer models are
founded. To investigate corner effects, we have simulated
2D rectangular devices, and the results are presented in the
Supplemental Material [37]. In summary, we found that
in (hard) glass devices on resonance, the relative devia-
tions are small for both BL25 and BLIS, € (v, v)) =
0.4% and € (vy®,v5) = 2%, but for the (soft) PMMA

(a)

Fluid channel

p1aN R
10.38 MPa

device, only BL25 remains accurate whereas BL18 fails,
€2(v3,v)) = 4% and € (v%,vY) = 78%. So, also regard-
ing corner effects in rectangular channels, the replacement
of the BL18 model by the BL25 model is necessary for
accurate simulations.

VIII. MODEL COMPARISON WITH
EXPERIMENTAL DATA

Lastly, for an experimental validation of the BL25
model, we revisit the PMMA device [see Fig. 4(a) and
Table IV] fabricated and tested by Lickert er al. [20] to
demonstrate by experiments and by numerical BL18 sim-
ulations that (soft) polymer-based acoustofluidic devices
can perform acoustophoretic particle focusing. We show
below that using the BL25 model together with updated
values of the acoustic parameters of PMMA, we are able
to predict quantitatively the measured resonance frequency
fres Within 1%, and both the electrical admittance Y and
the acoustic energy density £, within 15%. These results
are an improvement of the BL18 model simulations of
Ref. [20], which predicted the measured f.s with only

6l Ei — Experiment
— Simulation
@ AT
E !
~ ol !
0 . E: : .
(e) 16 '
ol i i =115MH
& £ | for =114 MHz
=
- % x Experiment
m% —— Simulation
—_—
PN
1.5 2.0 2.5

Wy,

FIG. 4. BL25 model simulations in 3D of the PMMA device studied by Lickert et al. [20] with the parameters listed in Tables II,
IV, and V. (a) Simulated first-order fields in 3D at the resonance frequency fi.s = 1.15 MHz: the pressure inside the fluid channel
[p1,n from —0.38 MPa (blue) to +0.38 MPa (red)] and inside the glue layer [p; g from —0.25 MPa (blue) to 4+0.25 MPa (red)]. (b)
A vector plot (red) of the simulated acoustic radiation force F "4 and a color plot of its magnitude |F™| from 0 (black) to 3.94 pN
(white) in the y-z plane at x = 0. (c¢) Color and vector plots of the simulated first-order fields p; (both channel and coupling layer),
uy, and ¢, in the cross section in the y-z plane at x = 0. (d) The measured (black) and the simulated (green) electrical admittance
Y plotted versus frequency f* exhibiting a strong resonance near f = 1.15 MHz. (e) Measured (stars) and simulated (line) acoustic
energy density E,. plotted versus frequency /. The measured and simulated resonance frequency f.s and corresponding E,c(fres) are

found to be fres" = 1.14 MHz with Eg.’ = 13 T m™3 and f,§™ =

res

1.15 MHz with E5™ = 15 J m~3, respectively.
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TABLEIV. The geometry parameters (Param.) and their values
for the PMMA-based acoustofluidic device of Ref. [20] used in
the present BL25 model simulation of the device.

Param. Value Param. Value Param. Value
Ly, 24 mm Wz 8 mm Hy, 2 mm
Ly 50 mm Wy 5 mm Hy 1.18 mm
Hy 100pm  Hi  0.18 mm
Ly 24 mm W 300 pm Hy; 65 pm
Lq 40 mm Wy 375 um Hy 150 pm

quantitative accuracy, while Y and E,. were predicted
merely qualitatively.

The current experimental validation of the BL25 model
was carried out in a seven-step procedure:

(1) The acoustic parameters of the PMMA and the
PZT transducer model Pz26 from CTS Ferroperm [49]
were determined using our in-house ultrasound electrical
induced spectroscopy (UEIS) method [39]. This contrasts
with the use of average literature values used in Ref. [20].

(2) The fluid properties for the iodixanol-water 16
vol % and glycerol-water 99 vol % solutions are set to the
table values also used by Lickert et al. [20].

(3) The ill-determined thickness of the “glue” layer
(here, the “glue” is actually the very viscous glycerol-water
solution, but for simplicity still called “glue”) was initially
set to 20 wm as in Ref. [20].

(4) The BL25 model was implemented in the water-
filled channel where § ~ 0.5 pwm, whereas the Full model
was implemented in the highly viscous glycerol “glue”
layer, where § ~ 20 wm is so large that resolving the
boundary layer numerically is unproblematic.

(5) The simulation was then executed. The solid and
fluid domains were discretized with tetrahedral mesh ele-
ments of maximum size hggq =375 um and ARy =
93.75 wm, respectively, resulting in a mesh with 88313
mesh elements, 13 670 boundary elements, and 1711 edge
elements, and the total DoF being 1546 206.

(6) We found that the glue-layer thickness plays a cru-
cial role in damping the acoustic energy density in the fluid
channel. Glycerol was used in the experiment to allow
for easy mounting and dismounting of the device, but
uniformity of the “glue” layer thickness is difficult to con-
trol experimentally. Its thickness was not measured in the
experiment, but merely assumed to lie in the range from 20
to 100 wm. A study of the effects of the glue-layer thick-
ness on the acoustic energy density of the fluid is presented
in the Supplemental Material [37]. There we conclude that
a thickness of Hy = 100 wm best fitted the experimental
value of Y.

(7) With Hg = 100 pm, we ran the BL25 model as a
function of frequency from 0.5 to 2.5 MHz, the same range
as in Ref. [20].

The simulation results are shown in Fig. 4, including the
first-order fields (pressure p;, displacement u;, and elec-
tric potential ¢ ), the acoustic radiation force in Eq. (18b)
F™ and notably the averaged acoustic energy density in
Eq. (18a) E,. in the fluid, and the electrical admittance
spectrum Y(f') of the transducer loaded with PMMA and
the fluid channel. The Y value is computed as the current
I flowing into the positive electrode surface Q24 over the
voltage difference ¢y between the positive and negative
electrodes, which in terms of D, of Eq. (A2) is

Y(f):i/ Jocmyda="2 [ D.da. (a4)
Q4

Yo Yo Ja,

The electrical admittance spectrum is presented in
Fig. 4(d). In the BL25 model simulation, the maximum
admittance value YSM = 4.4 mS is obtained at the fre-
quency 5™ = 1.15 MHz, which defines the resonance
frequency. This is in fair agreement with the measured
value Ymax = 6.0 mS obtained at fies" = 1.13 MHz. Also
off resonance in the entire frequency range, the BL25
model predicts fairly well within 10%—-30% the entire
admittance spectrum.

These results are consistent with the acoustic energy
spectrum, presented in Fig. 4(e), where, in the BL25
model, the simulated maximum energy value ESm =

3 ac,max
15T m>3 is obtained at £ 5™ = 1.15 MHz, the same fre-
quency as for Y3

res
max> and the measured maximum energy
value Egemax = 13 J m™3 is obtained at /5™ = 1.13 MHz,

res |
the same frequency as for Ymax. Thus ES™  deviates

ac,max
only 15% from EZQ‘}I’W, which is an improvement of the
numerical model compared to the 550% deviation found
in Ref. [20]. In short, we find that the BL25 model is val-
idated against experimental data from the literature. The
predicted resonance frequency deviates only 1% from the
measured one, and the predicted admittance and acoustic
energy density deviate around 15%.

We end this section by noting that we have observed
that in the BL25 model the above fluid resonance fre-
quency does not deviate from the resonance frequency of
the unloaded Pz26 transducer, which in simulation and
experiment was found to be fi& ™" = 1.145 MHz and
"PASP = 1.14 MHz, respectively, in contrast to the mis-
match between the resonance frequency of the unloaded
transducer and the fluid reported by Lickert et al. [20].

The BL25 model corroborates the ability of the soft
PMMA device to perform particle focusing. In Fig. 4(c)
is shown how, for an applied voltage of 30 V,,, a strong
displacement (28 nm) of the PMMA occurs just below
the fluid channel in a pattern that creates an antisymmet-
ric wave that leads to the formation of a half standing
wave inside the fluid channel with the pressure node
aligned vertically along the fluid center of magnitude
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0.38 MPa. For application purposes, the more interest-
ing quantity to study is the acoustic radiation force act-
ing on suspended microparticles in the fluid channel, as
shown in Fig. 4(b) for 5-pm-diameter polystyrene parti-
cles as used in Ref. [20]. The maximum force obtained
from the simulation is 3.9 pN in the bottom half of the
microchannel, and it is seen how the horizontal com-
ponent generally is larger than the vertical one. This is
quantified by the figure of merit [21], defined as R =
fVﬂ —sign()Fydv [ fVﬂ |Frd| dV = 3.1, a value compa-
rable to those found in the ideal 2D cases studied in
Ref. [21], and indicating an acoustophoretic ability of
decent quality.

IX. SUMMARY AND CONCLUDING REMARKS

The core of the theory developed by Bach and Bruus
[31] is the decomposition of the first- and second-order
acoustic fields into short-range boundary-layer fields,
which vary on the length scale §, and long-range bulk
fields, which vary on the length scale of the inverse of
wave number k; ! This decomposition enables an ana-
lytical evaluation of the boundary-layer field given the
assumptions that the wall motion is small and the fluid-
solid curvature is large. With these prerequisites, Bach
and Bruus developed the BL18 model in terms of a slip
velocity boundary condition for the streaming velocity
field valid to lowest order in the small parameter ky§ ~
0.003. Since the BL18 model avoids the need to resolve
the thin boundary layer numerically, it enables simulation
of actual acoustofluidic devices in 3D. So far, the BL18
model has been tested only for (hard) glass and glass-Si
devices [31,35], but remarkably we have demonstrated in
this work that, for soft polymer-based devices, the higher-
order koé terms, hitherto neglected in the BL18 model,
must be included to obtain a quantitatively correct descrip-
tion of (soft) polymer acoustofluidic devices, even in cases
where the BL18 model fails to predict qualitatively cor-
rect responses. We call this improved model the BL25
model.

In Sec. III B, the boundary condition derived for the
first-order pressure p; in the BL25 model is identical to
that of the BL18 model. However, in Sec. III C, one extra
term is added to the first-order stress boundary condition in
the BL25 model compared to the BL18, the first difference
between the two models.

Going to the second-order streaming field v,, the two
models differ more substantially. We found that, for acous-
tically soft materials like polymers, it is important to
include terms of one higher order in k6 than was done
in the BL18 model, as the polymer wall velocity can be
more than one order of magnitude larger than that of
a hard glass or glass-Si device. In particular, the larger
wall velocity facilitates a larger short-ranged perpendic-
ular boundary-layer velocity component vgg, resulting in

the non-negligible influence of the higher-order terms in
the short-range boundary-layer velocity v, Egs. (35).

The main theoretical result of this work is the final
form of the slip boundary condition, Eq. (39), of the BL25
model, comprising a total of 25 terms for the long-range
streaming field for vgo, obtained by combining short-range
velocity v’ and the Stokes-drift velocity v, Eqgs. (35)
and (38).

The main modeling result is the implementation of the
BL25 model in the finite-element method using the “Weak
Form PDE Interface” of the software COMSOL Mul-
tiphysics, described in Sec. VI. Here, the detailed imple-
mentation of the tangential and perpendicular derivatives
on the weakly curved fluid-solid interface, which appears
in the above-mentioned boundary conditions, is essential.

Finally, the main simulation results are the numerical
and experimental validation of the BL25 model presented
in Secs. VII and VIII based on the 3D and 2D models intro-
duced in Sec. V and the experimental device described in
Sec. VIII, all shown in Figs. 1 and 4, respectively. The first
step in the numerical validation was the mesh-convergence
study presented in Sec. VII A, which revealed satisfac-
tory convergence of the first- and second-order fields in
the BL25 model. In all cases, an asymptotic behavior
approached exponentially was obtained for all fields as a
function of refining the mesh.

The second numerical validation step was the compar-
ison in 3D between the BL25 model and the Full model
presented in Sec. VIIB. This validation is not trivial, as
the main point in developing the BL25 model is to be able
to perform 3D device simulation. However, by introducing
a tiny submillimeter model device, still containing all the
essential components of an acoustofluidic device, we were
able to simulate the acoustofluidic response in both mod-
els by stretching our available computer resources to the
limit. To our knowledge, this may be the first example of
a Full model simulation of an acoustofluidic device. This
validation was successful, as we found the relative devia-
tion between the models to be €} < 0.5% and €™ < 2%
for the first- and second-order fields, respectively.

The third numerical validation step, presented in
Sec. VII C, was to compare simulation results in 2D of both
the BL25 model and the BL18 model to the Full model.
The results are summarized in Fig. 3 and Table III. The
BL25 model predicts the results of the Full model with
both qualitative and quantitative accuracy, with relative
deviations from the Full model being at most 4% in all
shown cases, including both hard glass and soft PMMA
devices being driven both on and off resonance. In con-
trast, the BL18 model only obtains the same good level
of quantitative agreement with the Full model in the cases
previously tested, hard devices run at resonance [31,35],
whereas large quantitative deviations are seen for soft
polymer devices both on and off resonance, and, somewhat
surprisingly, also for hard glass devices run off resonance.
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Importantly, we even found cases where the predictions
of the BL25 model matched the Full model, whereas the
BL18 model predicted qualitatively wrong responses, such
as the example shown in Fig. 3(c2).

In a final 2D numerical validation, we found that, even
in the case of devices with rectangular channel cross sec-
tions, where the four corners with their zero radius of cur-
vature clearly violate the basic assumption of the BL25 and
BL18 models that the curvature must be sufficiently large
compared to the boundary-layer thickness §, the BL25
model deviated very little from the Full model, whereas
the BL18 model failed. Specifically, we found the rela-
tive deviations & (v3>, v}) = 4% and &, (v43, v)) = 78% in
the (soft) PMMA device run at resonance. For a (hard)
glass device at resonance, both models did better, with
€2(v3,v)) = 0.4% and &, (v13, v)) = 2%.

Finally, the experimental validation against published
data in the literature by Lickert et al. [20] for a (soft)
PMMA device driven by a PZT Pz26 transducer, pre-
sented in Sec. VIII, shows that the BL25 model can predict
the measured resonance frequency within 1% and the
measured electrical admittance of the loaded PZT Pz26
transducer as well as the acoustic energy density in the
water-filled channel both qualitatively and quantitatively
(within about 15%). In this validation, the thickness of the
glycerol “glue” layer was the only fitting parameter. This
is in contrast to the previous BL18 model results also pub-
lished in Ref. [20], where the electrical admittance and
the acoustic energy density deviated by nearly an order
of magnitude from the experimental data. This experimen-
tal validation could be improved by knowing the specific
clamping of the device in the sample holder and the actual
thickness of the “glue” layer.

Given the extensive validation simulations showing that
the BL25 model is in good quantitative agreement (within
4%) with the Full model for both first- and second-order
fields and both on and off resonance, given the quantitative
agreement (within 15%) with experimental data, and given
that the BL25 model in all cases performs better than the
previous BL18 model, it appears to be justified to intro-
duce the complex BL25 model comprising the 25 terms in
Eq. (39). It is worth mentioning that the computation time
of the complex BL25 model is not significantly different
from that of the simpler BL18 model.

The application range of the BL25 model goes beyond
the few examples presented in this paper, which focused
mainly on polymer-based devices driven at low megahertz
frequencies, as long as the above-mentioned assumptions
of the model are respected. For example, the BL25 model
is ideally suited to contribute to the understanding of which
types of streaming is dominating in a given device. The
typical acoustofluidic device studied in this work has a
fluid cavity with a 375-pm-wide (= %)») and 200-pm-
high (< %A) cross section, actuated with a single standing
half-wave resonance in the width direction. In this case the

Rayleigh streaming is always important, even in the center
of the device. For a cross section with a height larger than
the wavelength A, the Rayleigh streaming extends of the
order half a wavelength away from the walls in the height
direction; thus in the center of such a device, the Rayleigh
streaming may be negligible [22]. Conversely, the Eckart
streaming is usually important in devices much longer
than the attenuation length, which can be orders of mag-
nitude longer than the wavelength. However, as discussed
in Ref. [50], in the case of rotating acoustic fields, Eckart
streaming may be important even in devices of dimensions
of the order of the acoustic wavelength. In the BL25 model,
these two types of streaming are explicitly addressed: the
slip condition (39) corresponds to the Rayleigh (bound-
ary layer) streaming, whereas the source term comprising
the energy flux due to time-average acoustic intensity in
Egs. (37) results in the Eckart (bulk) streaming.

Other aspects of streaming where the BL25 model may
be applied include, but are not limited to, studies of the
suppression of streaming in shape-optimized acoustoflu-
idic devices [51], Eckart-streaming-dominated gigahertz
acoustofluidics [52], and nonlinear effects that may arise
due to increased actuation power [6,52,53].

Based on the presented results, we believe that the
BL25 model will be an important tool in future model-
ing of actual 3D acoustofluidic devices, both as a means to
unravel the intricate physical nature of such devices, and as
part of design optimization for technological applications
of such devices.
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APPENDIX A: THE CONSTITUTIVE EQUATIONS
FOR THE PIEZOELECTRIC TRANSDUCERS

The constitutive equations for the three types of piezo-
electric transducers used in this work all have the
same form. In the Voigt notation, the six independent

pz . pz
components o, of the symmetric stress tensor o, and
s’flzk = (Biulk + 0kuy;) of the symmetric strain tensor s‘fz
are represented by the six-dimensional Voigt vectors o}
and s}, whose transposed forms are

VT pz pz pz _pz
[ ] {Glxx’ Glyy’ Oz o’lyz’ al\fz’ ley}’ (Ala)
pz pz pz
[ ] {Slxr’slyy’slzz’2S1yz’2slxz’2slxy} (Alb)

044095-18



BOUNDARY-LAYER MODELING OF POLYMER-BASED. ..

PHYS. REV. APPLIED 24, 044095 (2025)

These mechanical fields are supplemented by the electrical
potential ¢ and its gradient, the electric field E; = —V ¢y,
as well as the electric displacement field D;. The Voigt

representation of the constitutive equations for the piezo-
electric transducers in a 9 x 9 matrix equation relating o'}
and D to s} and — Vg is as follows:

(1) = ()

D) —Voi )’
Chi Cnn Ciz| O 0 0 0 0 —ey
C12 C11 C13 0 0 0 0 0 €3
C13 C13 C33 0 0 0 0 0 —€33
0 0 0 Cu 0 0] 0 —es5 O (A2)

M = 0 0 0 0 C44 0 —€5 0 0
0 0 0 0 0 Ce 0 0 0
0 0 0[]0 es 0 ¢ O 0
0 0 0 e O 0, 0 g 0
ey e ey | 0 0 0 0 0 &34

The parameter values of the piezoelectric transducers used
in this work are given in Table II for Aly¢Sco4N and PZT
Pz27, and in Table V for PZT Pz26.

APPENDIX B: SECOND-ORDER
BOUNDARY-LAYER FIELDS

In this appendix, we compute the second-order, time-
averaged, boundary-layer field pressure p3 and velocity v}
in the fluid, based on the first- and second-order expres-
sions given in Secs. III and IV. Following Egs. (28a) the
velocity field is split in two components, v3’ = v2 + vdY
which are treated independently.

TABLE V. Parameters of the PZT transducer of type Pz26 [54]
used in the numerical simulations of the experimental PMMA
device [20] described in Sec. VIII.

Parameter Symbol Value Unit
Mass density oP* 7700 kg m~3
Elastic modulus Ch 168 — i3.36 GPa
Elastic modulus Cip 110 —i2.20 GPa
Elastic modulus Ci3 99.9 —42.00 GPa
Elastic modulus Cs3 123 —i2.46 GPa
Elastic modulus Cu 30.1 —i0.60 GPa
Coupling constant els 9.86 — i0.20 Cm?2
Coupling constant €31 —2.84+1i0.06 Cm™?
Coupling constant e33 14.7 —i0.29 Cm™2
Electric permittivity &n 828(1 —i0.02)ey, Fm™!
Electric permittivity £33 700(1 —i0.02)eg Fm™!

1. Computation of pf

To obtain the coordinate-separated form of the source
term Vp$ in Eq. (28), we first take the divergence of
Eq. (27a), neglect the V - v} terms of order I, and finally
use V2ps ~ agpg , to arrive at

%py =—poV - [V - (v]o} + oo} +o}0f)]. (B
Then the coordinate-separated form of this expression is
obtained by using Egs. (31d) and (32), and we arrive at the
following 20-term expression for 9;p3,

80

tip == {+90- [V (1ot ot + (i)

+ V- {1 o) + g Vvl o)

+V)- VH <I(O)le,vl”>]+I( 2 (v2vl?)
+Vy- <1( Y ‘fﬁ,v;‘?>+<l( 1)U145v1u>]

+V,- _VH .<I(O)8{v1“,v‘fﬁ>] +<I‘ 2>a¢v1§,v‘f?>
+ 9y {1 Pacuivi) + (1, v, o))
+Vy- -VH (I(O)vlna”lu)] +<Iq(l 2 (13?5 f?)
+V- (I;1 l)"'1||a’)1;> + <I¢§1 ])U1§’v1||>]

+V- _VH .<[ le,Bg 1H>] <I;{2)v‘f?,8;vf?>

(=D (=1, 80
+V‘|'|:<]q{ vln,agv >+<Iq§‘ U‘lsg,

e}

(B2)
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The short-range pressure pj is obtained from 37pJ by inte- +v,- < 1930 3 ) n < 102, v‘f‘))]
grating twice with respect to ¢. This amounts to the trivial - -1 e
substitution of I} in Eq. (B2) by 14, +V |V, <[(4)vl”, v} >] + I(z) (vi2vl?)

+ 9y {1 vl i) + (1w, vl

+Vy- :VH '<I(4)8£”1\|="1|\>] +<I(2)3§U1;>Uf?>
+ 9y (100 vie) + (19 0. vi2, vif )|

+ V[ vy (ol i) ] + (1D v, o)

+ V- <I[ﬁ)v1”,v1{> + <1(3)v1§,v1”>]
+v-[vi (1 < s i, v 1H>] +< prATHIRST >

+ vy {12 v ocv) + (12030 00) |} BS)

p3 = —po {+Vn . [Vn <I(2)”1u’”1u>] + <I(O)U1pvf?>
+V- <1(1) ?ﬁs”lc>+<[(l) fg"’lnﬂ
+V- -V <I(2)v1”,v”|>] +I(0) (Uf?vf?)
+ vy () vl i) + (11 v vl
+V- :V“ . <1(2)8;v1”,v1”>] + <I(0)8;vlc,v‘f?>

1 (1)
+ VH . <[( )B;vln,vlc> <1 Bgvlg,v‘f?l)]

[ 2 (0)
+v-[vy <1(§1>v1”,v1”>]+<1 v}, )

1) 1)
+V- <1 ”1||’”1c>+<[ ”w"w)]

+ 9y [V (100, a0t + (1 032, 0 o) and

+V - {1 ocvld) + (1 vi, o) |} 83)

1
3 _ _{ 3) 50 1)
vyl = — +V-[V <1 b2, >]+(1 v,v>
2. Computation of vi" % Vo I I 1> U1y 179 Vic

The parallel component vi’l’l and perpendicular compo- +V- <I (z)vln, v} c> + (1 (2)v1 o> le>]
op . Sp .
nent v,, of the boundary-layer velocity v,  are obtained
. . (3) )] 80
by integration of Eq. (28b), + Vi VH (I vij, ”lll>] + (1 vig, v l()
2 2
+V|| . <I()v1”, 1§> <I()v1§,v1”>]
2 p
=V, 1
9 v2|| VH 1o —f—Vu . VH ( )841)1", 1”>] <1( )Bgvlg,v‘f?>
¢ el e @ @ 80
= v2” @) = ”/ / ‘Mdé-” d¢’, (B4a) +V- <I 8;1)”',1)1{) + (I 8;1)1{,01”)]
Mo

) C 05/
P P&
By =0 = Q) = f Sode (B . g
d0
+Vy- <I v1|\a”1;>+<l Ulg’vlll>]

) 3) M
The computation of vglﬁ (vi’;) involves integration of V) V” (I v1”’85v1“>] +<1 Ulf’aw >
6‘ . . . .
p5 twice (once) with respect of ¢, which according to v [( J@ 30 5 o > <](2) 50 4 >]} B6
Eq. (30b) amounts to increasing the superscript in all fac- VI U1 %6V Vic: wl” (B6)
tors Ia(z) by 2 (by 1). Inserting p} from Eq. (B3) into
Egs. (B4a) and (B4b) leads to

3) (D d
+V||- VH (] 111”,111”>i|+<] vlg,v1?>

50 1 3. Computation of v3’
Vg = _v_OV”{ To determine v3", we compute the coordinate-separated
form of the source term in Eq. (28) by using Eqgs. (31a)
+ V- [VH <[( )vl\l’le)] +<1(2)UIC’U1§> and (32),
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1
2.5 s, d
;v = v_OV (v}v] + v{v} + vof)

1
v AR R R Gt

Vo
(0) (=1 d

+V|| <[ vl , lH) (Ilq DIO,U??>
(0) d ( 1)

+Vy- < 10”’1\|> < v’ v (13?>

+ V- I(O)v1 ,v1”> (I( 1)1)50 vf?)

£V - (1900, 00080 + (1 V0 o)
(B7)

From this, v3" is found by integrating twice after ¢, which
according to Eq (30b) amounts to increase the superscript
in all factors 1% by 2, which results in

e = L [wy (10 f) + (100, )
Vo
+V- <1(2)v1 ,1)1H>—|-<1(1)v1 ’U1;>
+ V| -<I()8;v1 ,v1”> <I(1)85v1 , ‘f?>
+Vi- <I(ﬁ)”1 ’”1||>+<1(:)”1 aU1;>
+V) - <I(2)v‘f°,8;v1”> <1q<;>v?°,a;vf§>}. (BS)

Splitting this into the parallel and perpendicular compo-
nents v2H and vzz, respectively, yields,

vgﬁ = vio {VH <I(2)v1”,vlu> <I(1)v1‘|,v1§>
+V- <I(2)vl”,v1”> <I(1)v1”, 1{>
+Vy- (I(z) vlu,vln> <I(1)8;v”|,vfg>
+Vy- (I(Z)”1n=”1n> <I,§i) ?(ﬁa il?>
+Vy - (120l o) + (100 o)) (B9)

and

1

@ M)
+V- <I vlr’vlll> <1 vlc’”1;>
(2) (1)
+ V- (100, vif) + (10 vi, oi2)
TV <

1250 (1,50 do
gl ”10”1”) <1q1 ”153v1;>

+Vy - (12 v, o) + (1000, 00)] . (B10)

Adding Egs. (B6) and (B10), gives the full vj,,

§ _ .0 Sv
Uy = Uy + Uy

_1{
=

+VII':VH (1(3)01“,”10 TV, <1<2>,,l”’v1§>
V- [V (i )] + 9y (12, 012)
+V||':Vu (1(3) vil, ol >]+V”~<I(2)agvl”,ufg>
+V”':V“ (1(3)”lu=v1n> V- <[(2)v1”,v1§>

2
+VII'[VII ( vl\l’aé“ 1\|>] +V- <I(§§)v?ﬁ,8;vf2>}.
(B11)

4. The final expression for v’

Using the scalings ?I;Z), ?1 1™ x §"2 and %Iéz)
8"~1 obtained from Eq. (33), we neglect the terms of higher

order in § and obtain

80 5p0

8v0
v, =v2‘|+v24 e = vy + vy +v2; e, (B12a)
5p0 {
v :——V
2| w52 I
[ it 6)
+ Vi Ve T V) +<I ”1z>”15>
[/33),60 . 80 267750 - 80
+ V- | (L v Ul:’vlllﬂ
/—
7 @
TV Ve 1> V1) +<I ”1cavlc>
[[53), 40 50 @0
+ V- | g Vit 1q”1;="1n>]
B

+VH . _V”' 2(4)3 dO, ?” + [ )8;v1§,v‘fg>
80

[[53) 4 . do 30
+ ;- [(i99,0 v, o))
—
3 @), 60 do
+ V[ ) | (1 v o)
[[73).50  do 563Y730  do
+ Vi (U Vit 1”15’”1”)]
s

[ 24) . 80
+Vy- _VII' I v 1|| + Iq; vl{’a€v1{>

"Ia
+ VH . [(;{)vcso P d? P v1§,3;01”>] }
— (B12b)
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2
Sv0 __ @ (1
v = {V <I ”1\|’”1u>+<1 ”1\|’”1;>
@ (1)d0 50
+Vy- <1 ”1||’”1u>+<1 vij- v 1;)

1
+ 9y (12000 + (15 2ot o12)

Q (1
+Vy- < 1)”fﬁ’”1||>+<1 ”uv”u)

7(2) d ey}
+W+<I 02, 9, vf >}

(B12¢)
= s
+<I(2)v1;,v1§>+<1(2)v1§,v1§>]
+V- <I(2)v1”,v1”> <I(1)v1”,vlc>
+V- <I(2)v1”,vlu> <I(1)vlu,v1>
Vi < f)v?ﬂ,v1”> <1(1)”1u’”1>

+ {1 0col, o) + (1000, 00i2)) L (B124)

and

50 5p0 8v0
Uy = Uy, + Uy

= —é +Vi- [V” '<j(§2)”?(|)|°”1||> <](2)”1||°vlc>]
+V- :V <I(3)v1”,vlu>+<I(2)v”|,v1§>]
+ Vi _VH' 174 s Vi) +<I(2)85v1|,v‘f2>:|
+Vy- :V <1$)”1||’”1||>+<1(2) ?ﬂ’vﬁ))]
4V, [W-i—(l(z)vl”,agv >]}

(B12e)

APPENDIX C: IMPLEMENTATION IN coMsoL OF
THE SECOND-ORDER BOUNDARY CONDITION

The basic COMSOL Multiphyiscs syntax for imple-
menting the BL25 model is presented in Sec. VI
together with the COMSOL implementation (written in
the “tt-typeface”) of the BL25 fluid-solid first-order
boundary conditions. To implement the more involved
second-order BL25 slip-velocity boundary condition,
Eq. (39), we need to provide COMSOL implementations

for terms of the following forms: (A) V <I Gl v {> (B)
vy - (12038, 039). and (©) (757 vl - v$2) from Eq. (35b);

D) V,-V;- <I(3)v1”,v1”>and(E)VH (I(Z)vln,vlg>from

Eq. (35c); and (F) (ilX-, Vol + v p¥) + <V?{, k v<{°>
from Eq. (38).

In the following, we implement (A)-(F) term by term.
However, we note that in expressions containing a paral-
lel vector le, it is easier to implement the full vector v3°,
and then project the final result onto the tangential plane
spanned by the tangent vector ¢; and #,. The procedure is
exemplified as follows:

VH (](2)v?ﬁ, v1”> =W -tHth + (W-t)t,, (Cla)

for W=V, -<i£)v50 v‘f0>. (Clb)
In each term, the tangential derivative V| projects
one of the velocity fields onto the tangential plane,
but not the other. Hence the necessity of the final
tangent-plane projection. In COMSOL, the Kth compo-
nent of the tangent-plane projection of W is given by
the expression “(WX*t1X+WY*tl1Y+WZ+t1Z) *t1lK +
(WX*t2X+WY*t2Y+WZ*t2Z) »t2K”.

(A) Introducing the tangential divergence “divparvd
10 = vd1XtX+vdlYtY+vdlztz”, v)] is given by
Eq.(20)as“vdlzeta = (i/ks) +divparvdl0”. Next
with “twoOVERomgdsqgr” being the prefactor ?, all

factors | (EZ) of Eq. (33) multiplied by ﬁ are called
“Jabn”, e.g., “Jgz2 = twoOVERomgdsqgr+ (- (1-1) /
2)xdvisc”3”. With “TJgg2vdlzetavdlzeta=1/2
+rrealdot (Jgg2+*vdlzeta,vdlzeta)”, the kth

: ~ 2 2),,60
component of the tangential gradient -2V <Iq(q)v1 0

v‘ls?> is implemented as “dtang (Jgg2vdlzetavdl

zeta, k) ” followed by the tangent-plane projection (C1).
(B) Since V- <I(2)v1”, v1”> = <I D}V - v1“> +

<I( Vi, v ‘]“ﬁ>, we introduce for K =X, Y, and Z
the intermediate variable “Jgg2vdl1KDIVvdl0 = 0.5%*
realdot (Jgg2+vdlK, divparvdl0)” together with
“TJgqg2DOTGRADVA1Kvd1l0 = 0.5*realdot (Jgg2 *
vdlKtX,vdlX) + 0.5*realdot (Jgg2+vdlKtY,
vdlyY) + 0.5*realdot (Jgg2+vdlKtz,vdlz))”.

Consequently, the Kth component of ﬁV” <I @i,

v‘m is implemented as “Jgg2vd1KDIVvd10 + Jgg2DO

TGRADvd1Kvdl1l0” followed by the tangent-plane projec-
tion (C1).

(C) Using Eq. (15a) and the tangential divergence,
we find 8; vf? =V. ‘Uallo V” dO ia)/cop? — V” 1)0110,
and therefore we introduce the Varlables “divparvEl0
= vEi1XtX+vElYtY+vElzZtZ” and “vflzetazeta =

i kapO romega*pl-divparvil0”. The Kth compo-
nent of <I (l)v‘fﬁ, ¢ v{’?) is then simply implemented as
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“0.5*xrealdot (Jgzl*vdlK,vflzetazeta)”,
followed by the tangent-plane projection (C1).
(D) We have VH'V” <1 3)01”,1)1”>—V|| VH <I(3)‘Ul ,

v{%), since the two tangential divergences ensure that

the full 3D vectors are projected onto the tangent
plane. Now, the Kth component of the vector result-
ing after the first V|- is “DIVJgg3vdlKvdl =
0.5% (dtang (realdot (Jgg3*vdlK,vdlX) ,x) +
dtang (realdot (Jgg3*vdlK,vdlY) ,y) + dtang
(realdot (Jgg3*vdlK,vdlZ),z))”. So %VH .

v <I(3)v1”,v1”> is simply implemented as “dtang
(DIVJgg3vdlXvdl,x) + dtang(DIVJgg3vdly
vdl,y) + dtang (DIVJgg3vdlzvdl, z)”.

(E) We have V- <I(2)v1”,v1§> Vi <I(2)v1,vf?>

ql
since the tangential divergence ensures that v}’ is pro-

jected onto the tangent plane. The Kth component
of the argument to the divergence is implemented as
“Jgl2vdlKvflzeta=0.5*realdot (Jgl2*vdlX,

vilzeta)”, and therefore _VH <I(2)le,v1{>1simple-

mented simply as “dtang(Jgl2vdlXvflzeta,
x) +dtang (Jgl2vdlyYvflzeta,y) +dtang (Jgl2
vdlzvflzeta,z)”.

(al) : : : :
wr, - up, = -uf, —pi .
1072 3
2D BL25 model
% 1074 1
3
5 ]
10-6 4
= — ]
a2 ; ; ; ;
( ) 5 @Df ’ uly y T _ulpz ]
1077, —i, vfy , = v
2 £ 2D Full model ]
S —4 _\'\ ]
S10F e s =07
10-9F 3
L " . ]
1078 - p2| 1_v2y — Uy, s

0.4 0.6
Mesh scale s

0.2

FIG. 5.

(F) The Stokes-drift contribution is the term (1 / a))
[V, V" + Vi) + (V?C,k v}%)]. Its Kth component
is implemented as “vSD2K = 0.5/omegax (realdot
(1*vslX, vElKX+vdlXtX) + realdot(ixvsly,
vE1KY+vdlXtY) + realdot (i*vslZ,vElKZ+vdl
XtZ) + realdot (vslzeta, ks*vdlK) )”. The per-
pendicular component is given by “vSD2zeta =
nX*vSD2X + nY*vSD2Y + nZ+vSD270” and the Kth
component of the tangential projection is “vSD2parK =
vSD2K - nK+«vSD2zeta”.

The final BL25 model slip velocity boundary condition
(39) is obtained by adding all terms of the six basic forms
(A)-(F). One form may have several contributions with dif-
ferent pre-factors “Jabn”, a,b =1,¢,¢{ and n = 1,2, 3,
and different velocity components. For completeness, a
COMSOL script of the BL25 model in 2D is provided in the
Supplemental Material [37] together with some additional
comments.

APPENDIX D: MESH-CONVERGENCE STUDY

We have performed a standard mesh-convergence study
[22]. In 2D simulations, the solid PMMA, glue layer,
and PZT domains are discretized using a free triangular

mesh with maximum and minimum element sizes A5, =

(b1)
10°

1072

€2(9s, Go.s5)

1071}

(b2)
10°

1072

62(937 90.85)

1071

Mesh scale s

Semilogarithmic mesh-convergence plot of the relative deviation €, (gy, go.g5) defined in Eq. (43) versus the scaling parameter

s. (al) BL25 model in 2D: field components in first order ¢?, ufy, u? , and pf, and in second order p%, vfy, and v% . (a2) Full model in

F

2D: field components in first order (pf s Uy

components in first order pZ, and in second order pf , v3,, v5 , and v (b2) Full model in 3D: field components in first order p{’, vf,,

and v1 , and in second order v{, p}’, v}, vzy, and vy

uy., pi » vf,, and v{, and in second order p5, v5,, and vj.. (b1) BL25 model in 3D: field

F
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0.4H; /s and ASl. = 0.025h . where s is the scaling
parameter that is gradually increased for refining the mesh.
Since the electrode thickness is small, we have used the
COMSOL mapped mesh with 40 as the number of elements
for smoothing the mesh from the glue layer to the PZT.
For the fluid domain, we defined maximum and minimum
element sizes as Al = A4Sl and hl. = 0.12A1 . Further,
we have used the boundary-layer mesh to accurately cap-
ture velocity fields in the Full model. The boundary-layer
field is defined across the fluid-solid interface using eight
layers, with the first layer of 0.25 and a stretching factor of
1.2 so that we have in total a depth of 3.46.

In the case of the Full model in 3D, the solid PMMA
domain is discretized using the free triangular mesh with
maximum and minimum element sizes A5, = 0.7H; /s
and Al = 0.125h8! . Since the thin-film transducer is of
thickness of 2 um, we discretized the transducer using
the structured swept mesh with the sweep directed from
the top surface of the thin-film transducer. We discretized
the fluid domain with a triangular mesh of maximum and
minimum element sizes Al =78l and Al =0.6A1 .
Since a much finer mesh is required at the fluid-solid inter-
face for the Full model to converge, we have used an edge
mesh at the interface with maximum element size 4% =
0.45n . Further, we have implemented the boundary-
layer mesh using eight layers to resolve the boundary-layer
fields with the first-layer thickness set to 0.25.

For the BL25 model in 3D, we use a much coarser mesh
inside the fluid domain and we do not need a boundary-
layer mesh. Accordingly, the solid PMMA domain is
discretized using the triangular mesh with maximum
and minimum element sizes AL, = 0.4H; /s and h. =
0.24¢! . Similar to the 3D Full model, we use a swept mesh
for the thin-film transducer, and coarser triangular mesh
in the fluid domain with maximum and minimum element
sizeshl =Sl and . = 0.6A . InFig. 5, the relative
deviation €;(g;, 20.85), defined in Eq. (43), of the solution
g, with mesh scale s from the solution gy g5 with the max-
imum mesh scale s = 0.85 (the finest mesh) is plotted in a
semilogarithmic plot versus the mesh scale s for both the

2D and the 3D simulation models.
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