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Abstract

Small and powerful micropumps are important for supporting the health of diabetes pa-
tients through easy and regular insulin infusion. Gadolinium-doped Cerium oxide (CGO)
Has shown itself to be a promising candidate as an electromechanical actuator due to
its remarkably strong electrostriction with a longitudinal electrostriction coefficient of
jM33j > 10�16m2=V2. It has a number of advantages when compared to conventional
piezoceramics such as being lead-free and compatability whith polymers.

The efficacy of CGO has been investigated in a number of experiments provided by
Victor Buratto Tinti and Jin Han at DTU Energy. In this thesis, these are compared
with simulated experiments through finite element methods. This thesis also hypothesises
the existence of velocity-matching acoustic modes though fluid-filled microcapillary tubes.
In these modes, the fluid and the wall oscillate synchronously without generating viscous
boundary layers. The last part of the thesis investigates using these velocity-matching
modes in conjunction with CGO actuators for an effective micropump with the use for
insulin infusion in mind.

The transverse electrostriction coeffictient of CGO is found to have a value of jM31j �
2�10�20m2=V2 according to the provided experiments, a value much lower than expected.
The velocity-matching modes show viscous dissipation which is orders of magnitude lower
than other modes described in the literature on pulsatile flow. These modes do however
turn out not to be useful in pumping systems due to their incapacity to generate time-
averaged flow.
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Resumé

Sm̊a og kraftige mikropumper er vigtige for at styrke diabetespatienters helbred gen-
nem nem og regelmæssig insulininfusion. Gadolinium-dopet ceriumoxid (CGO) har vist
sig som en lovende kandidat som elektromekanisk aktuator, idet det har vist sig at ud-
vise iøjenfaldende kraftig elektrostriktion med en longitudonal elektrostriktionskoefficient
jM33j > 10�16m2=V2. Det har en række fordele i forhold til konventionelle piezokeramikker
idet det er blyfrit og kan p̊aføres polymerer.

Effektiviteten af CGO er undersøgt i et antal eksperimenter udført af Victor Buratto
Tinti og Jin Han ved DTU Energy, som i denne afhandling er sammenlignet med simulerede
eksperimenter gennem finite element metoder. Denne afhandling hypotiserer og ogs̊a ek-
sistensen af hastighedstilpassede akustiske modes gennem væskefyldte mikrokappilarrør,
hvor væsken og væggen bevæger sig synkront med hinanden uden dannelse af viskøse
grænselag. Til sidst undersøges det om disse hastighedstilpassede modes kan bruges i
følgeskab med CGO-aktuatorer til at konstruere en effektiv mikropumpe med henblik p̊a
insulininfusion.

Vi finder i afhandlingen at CGOs transverse elektrostriktionskoefficient jM31j � 2 �
10�20m2=V2 ifølge de presenterede eksperimenter. Dette resultat er betydeligt mindre
end forventet. De hastighedstilpassede modes viser sig at have op til flere hundrede gange
mindre viskøs dissipation i forhold til andre modes beskrevet i litteraturen om pulserende
flow. Disse modes viser sig dog ikke at være nyttige i pumpesystemer grundet deres
manglende evne til at skabe tidsmidlet flow.
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Chapter 1

Introduction

Figure 1.1: Schematic from [2] of the piezoelectric diaphragm pump developed by Bu�-
mann et al.As alternating current (AC) is applied to the piezoceramic (electrodes not
visible), it expands and contracts, causing the silicon membrane (light gray) to bend up
and down at a cycle rate of 65 Hz. Whenever the membrane bends upwards, new water is
sucked in through the inlet valve, and whenever the membrane bends down, the water is
pressed out through the outlet valve.

1.1 Micropumps for diabetes

Much of the motivation in the �eld for the work with micropumps is to help people
su�ering from diabetes. Hyperglycaemia, also called raised blood sugar, is a common
e�ect of uncontrolled diabetes. It is unpleasant to experience, and may over time severely
damage many of the body's systems in general and the nerves and the blood vessels in
particular,[3] increasing the risk of heart decease and stroke.[4] In spite of major advances
in the treatment of diabetes such as the development of insulin pens, insulin pumps, and
inhalers,[5] work is still being done to make insulin infusion more convenient.

An arti�cial pancreas is a newly developed type of insulin pump promising a safer and
more reliable way of supplying insulin. By monitoring blood glucose continuously it is

1



2 CHAPTER 1. INTRODUCTION

able to infuse the appropriate dose of insulin whenever necessary.[5] A 2017 meta analysis
[6] found that continuous insulin infusion reduces glycosylated hemoglobin (HbA1c) by
0.37% 1 (95% con�dence interval, 0.24{0.51) indicating lower average blood sugar levels
compared to multiple daily injections. Even still, the irritations associated with carrying
around an insulin pump are non-negligible, and in a 2020 survey more than half (53%) of
Danish patients with type 1 diabetes still reported to take injections.[5, 7] This motivated
the question of how small it would be possible to make a pump capable of pumping insulin.

1.2 The giant electrostrictor CGO

In 2013 a novel family of materials based on gadolinium-doped ceria (GdxCe1� xO2� y

(CGO)) was discovered to exhibit an e�ect known as giant electrostriction.[8] Whereas
piezoelectricity is the tendency of materials to produce a mechanical response that is
linear in the applied electric �eld, electrostriction is the tendency of materials to produce
a mechanical response proportional to the square of the applied electric �elds. Giant
electrostrictors such as CGO are interesting for manufacturing of electromechanical devices
for a number of reasons. They are able to do high amounts of work with very little material,
their isotropic nature make them applicable in novel geometries, and their low deposition
temperature means that they can be applied directly in top of certain polymers; allowing
for actuation of more 
exible materials.[9] Another bene�t of CGO in comparison with
piezoceramics in the context of insulin pumps comes from the fact that the most common
type of piezoceramic; Lead zirconate titanate (PZT) ,contains lead, which according to
a 2011 EU directive must be phased out in all new medical devices by 2017 wherever
possible [10].2

The �rst half of this thesis investigates the versatility of CGO as an actuator for micro-
electromechanical (MEMS) systems. It contains a numerical study of three experiments
carried out by Victor Buratto Tinti, Jin Han and Vincenzo Esposito from DTU Energy.
The experiments were partly made to characterize the CGO, partly to exemplify the po-
tential applications for optics and 
uidics. Simulations are carried out to analyze the
properties of the CGO and to determine the performance of the primitive devices made
for the experiments. The main results from these simulations are included in our paper
"Oxygen Defective Electrostrictors for Soft Electromechanics" which was submitted to the
journal Science Advances on May 9th 2024[11], and was accepted today, on the 17th of
June 2024.

1.3 A travelling wave micropump based on mechanical meta-
materials

Inspired by the application of CGO on the surface of a tube as demonstrated in the pa-
per, the second half of this thesis aims to propose a design of a CGO-actuated compliant

1Healthy adults have HbA1c levels below 5.7%; diabetes patients have levels above 6.5%.
2There are a number exceptions for certain medical devices where lead may still be used, such as the

use of PZT in ultrasonic transducers.



1.3. A TRAVELLING WAVE MICROPUMP BASED ON MECHANICAL METAMATERIALS 3

micropump. It is partly inspired by travelling wave micropumps (TW µPs), which have ex-
isted in various forms since at least 1990.[12] The TWµPs mentioned in the literature have
mostly been driven magnetically,[13] and with piezoelectric transducers.[14, 15] Ye et al.
[13] have in 2014 made a TWµPs with a maximum water 
ow rate of Q = 184:25µL=min
and a back pressure of �p = 1 :28kPa yielding a maximum output power of Pout = 0 :98µW
and a 0.005% e�ciency. For comparison, Bu�mann et al. 2021 achieved aQ = 74 µL=min

ow rate and a � p = 51 kPa back pressure with a more traditional micropump design
with a piezoelectric actuator (see Fig. 1.1), resulting in aPout = 15:7; µW output power
and a 1.31% e�ciency.[2] Piezoelectrically actuated micropumps in general have achieved
e�ciencies as high as 30%.[16]

Mechanical metamaterials with tunable elasticity tensors have been designed and de-
veloped in the preceding decades,[17{20] and have demonstrated a huge variety in terms
of their mechanical properties going far beyond the range of conventional (non-meta) ma-
terials. 2D matamaterials in particular have demonstrated Poisson's ratios ranging from
-10.24 to +13.79.[17]

In the second part of this thesis, I shall argue using the traditional Womersley theory
of pulsatile 
ows in cylindrical pipes [21, 22] 3 together with the known properties of
2D metamaterials, that it is possible in theory to induce a kind of acousto-elasto
uidic
wave similar to those of blood pressure pulses, but with the unique property that the
viscous boundary layer and the associated attenuation is suppressed completely. I shall
then propose and analyze a micropump designed to utilize these special acoustic modes.

3Most sources on the topic of pulsatile pipe
ow study the special case of 
ow through blood vessels,
but the solutions do generalize to the case of any Newtonian 
uid through compliant cylindrical tubes.
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Figure 1.2: Fluid particle traces (left) and velocity vector �elds (right) of (a) Steady,
pressure-driven (Hagen{Poiseuille) 
ow, (b) Traditional pulsatile (Womersley) 
ow in a
compliant tube and (c) The 
ow presented in this work. The tube walls are colored brown,
and the red/blue colors of the vector �elds indicate positive/negative velocity. The waves
in (b) and (c) are moving quickly to the right.



Chapter 2

Theory of Electrostriction

In this chapter, we shall try to go through all of the electrostriction theory necessary
for the �nite-element simulations made for the paper "Oxygen Defective Electrostrictors
for Soft Electromechanics". This shall be done without skipping too many steps, such
that my entire train of thought may be found in one place. We shall start by laying out
the constitutive equations of (ideal) electrostricting materials. Then we shall introduce
a perturbative frequency-domain implementation of electrostriction in the case with and
without an applied biasing DC �eld together with some discussion of the accuracy of this
model.

2.1 The constitutive equations

Electrostriction is the mechanical response of a material proportional to the square of the
applied electric �eld. Unlike piezoelectricity, electrostriction is a property found in all
materials, even in isotropic materials. It was discovered all the way back in 1877 by E. J.
Mills[23], but has found no use so far in technology, as it is an extremely weak response
in most materials. If a non-piezoelectric material is subjected to an applied electric �eld
E , and an applied stress� , the strain s in that material will be[9, 24{28]

sij = SE
ijkl � kl + M ijkl EkE l ; (2.1)

whereM is the electrostriction tensor of rank 4, andSE = ( C E ) � 1 is the complience tensor
under constant electric �eld. We are using the index notation convention for these tensors,
where summation across repeated indicies is implied. The mechanical displacement �eld
u is de�ned as

u(r ) � r new � r ;

where r is the original (undeformed) position of the material found at point r new in the
deformed body. The strain tensors is then given in terms of the mechanical displacement
�eld u . It shall be de�ned as

sij �
1
2

(@i uj + @j ui ) :

5



6 CHAPTER 2. THEORY OF ELECTROSTRICTION

If one instead knowss and wishes to compute� , one can rewrite the equation as

� ij = CE
ijkl skl + mijkl EkE l ; (2.2)

where C E is the sti�ness tensor under constant electric �eld, and where the auxillary
electrostriction tensor m is

mijkl = � CE
ijmn M mnkl ; (2.3)

which can be show by insertion of Eq. (2.2) into Eq. (2.1).M is useful in an experimental
setting, where one can think ofE and � as being "applied", and then observes as the
response of the material. When simulating a material however,m is more useful, as it
translates the known �eld u of the material into the desired quantity � .

2.1.1 Maxwell relations

For reasons related to thermodynamics, a material that shows electrostriction must also
have a strain-dependent electric permittivity " . This kind of coupling is known as a
Maxwell relation[25]. If one assumes that there is an unknown tensorX such that the
electric displacement �eld D can be written as

D i = X ijk sjk + " s
ij E j ; (2.4)

where " s is the electric permittivity at s = 0, then one may use that the change in
Helmholtz free energyF in a material always is[25]

dF = � SdT + � ij dsij � D i dEi : (2.5)

It follows from the above equations that

X ijk =
�

@Di

@sjk

�

E;T
= �

�
@2F

@sjk @Ei

�

T
= �

�
@�jk
@Ei

�

s;T
= �

@(mjkmn Em En )
@Ei

= � mjkmn (� im En + � in Em ): (2.6)

The �rst equality comes from the de�nition of X whereas the two following equalities are
related to the free energy. One can observe from equation (2.5) that

D i = �
@F
@Ei

and � ij =
@F
@sij

; (2.7)

from which the remaining equalities of eq. (2.6) follow. With this we can write up the
constitutive equations for the system.

(
� ij = CE

ijkl skl + mijkl EkE l ;

D i = � 2mklij skl E j + " s
ij E j :

(2.8a)

In general, there are three other ways of de�ning the constitutive equations of electrostric-
tion in the literature.[24, 25] They are either given by M as mentioned above, or given in
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terms of the tensorsQ of q , which describe the electrostrictive coupling in terms of the
polarization P .

(
sij = SP

ijkl � kl + Qijkl PkPl ;

E i = � 2Qklij � kl Pj + 1
" 0

(� � 1) �
ij Pj ;

(2.8b)

(
sij = SE

ijkl � kl + M ijkl EkE l ;

D i = 2M klij � kl E j + " �
ij E j ;

(2.8c)

(
� ij = CP

ijkl skl + qijkl PkPl ;

E i = 2qklij skl Pj + 1
" 0

(� � 1)s
ij Pj :

(2.8d)

2.1.2 Modelling CGO as an electrostrictor

Whereas all of the possible constitutive equations are in agreement with each other for
an ideal electostrictor in the limit of weak �elds, theoretical papers often describe elec-
trostrictors in terms of Q rather than M .[25] In a type of electrostrictor known as a
ferroelectric relaxor for example, the material show hysteresis, but will keep producing
strains proportional to the square of the polarization even at high �eld strengths.[24]

To make one �nal remark on the properties of CGO, we are in the unfortunate situ-
ation of lacking a microscopic theory of its behaviour as an electrostrictor1. Empirically
however,CGO seems to have a well-de�nedconductivity at low frequencies and high �eld
strengths, with the conductivity increasing exponentially as a function of the �eld strength
as shown by Park et al.[9] .M is also in general measured to be complex, indicating hys-
teresis. In the following theory however, M is assumed to be real, and" s is assumed
to have a uniform E -independent complex value following the data measured by Victor
Burrato Tinti plotted in Fig. 2.1.

2.2 The coe�cients of the electrostrictive tensor

The auxillary electrostrictive tensor mijkl is a fourth-rank tensor and thus has 81 coe�-
cients in general. It is however a linear map between the two symmetric tensors� ij and
EkE l . It therefore has the inherent symmetries

mijkl = mjikl = mijlk ; (2.9)

reducing the number of linearly independent components to 36. For isotropic media, the
extra requirement is that it needs to be invariant to all rotations and re
ections Rij . This
is known as Neumann's principle.

mijkl = Rim Rjn RkoRlpmmnop : (2.10)

1Progress is being done as we speak, but the theory is still incomplete.
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Figure 2.1: Measured frequency spectrum of the dielectric function" = "0
r + i" 00

r at various
di�erent applied electrical frequencies with and without a static DC bias �eld. Figure sent
from Victor Buratto Tinti.
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If one for example choosesRij to be a re
ection along the z-axis

Rij =

2

4
1 0 0
0 1 0
0 0 � 1

3

5 = � ij � 2� iz � jz ; (2.11)

then Neumann's principle states

mijkl = ( � im � 2� iz � mz )( � jn � 2� jz � nz )( � ko � 2� kz � oz)( � lp � 2� lz � pz)mmnop = ( � 1)nz mijkl :
(2.12)

Where nz is the number of z-indices of the tensor element. It follows that any nonzero
tensor element must have an even number ofz-indices. By the same line of reasoning,
it must have an even number ofx- and y-indices, reducing the number of independent
indices to 12. If we chooseRij to be the diagonal re
ection

Rij =

2

4
0 1 0
1 0 0
0 0 1

3

5 = � iy � jx + � ix � jy + � iz � jz ; (2.13)

it means x and y may be replaced with one another.

mxxyy = myyxx mxxzz = myyzz mzxzx = mzyzy mxxxx = myyyy ; (2.14)

and similarly for z. We are now down to three independent indices. Let us �nally look at
the rotation

Rij =

2

6
4

1p
2

1p
2

0
� 1p

2
1p
2

0
0 0 1

3

7
5 = � iz � jz +

1
p

2
(� ix � jx + � ix � jy � � iy � ix + � iy � jy ): (2.15)

It follows that
� ix Rij =

1
p

2
(� jx + � jy ): (2.16)

Looking at mxxxx and using the relations found in the above we have:

mxxxx = � ix � jx � kx � lx mijkl

= � ix � jx � kx � lx Rim Rjn RkoRlpmmnop

=
1
4

(� mx + � my )( � nx + � ny )( � ox + � oy)( � px + � py)mmnop

=
1
4

(� mx + � my )( � nx + � ny )( � ox + � oy)(mmnox + mmnoy )

=
1
4

(� mx + � my )( � nx + � ny )(2mmnxx + 2mmnxy )

=
1
2

(� mx + � my )(mmxxx + mmxxy + mmyxx + mmyxy )

=
1
2

(mxxxx + myxxy + myyxx + mxyxy )

=
1
2

mxxxx +
1
2

myyxx + mxyxy ;

(2.17)
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From which we obtain the last relation:

mxxxx = mxxyy + 2mxyxy : (2.18)

Since the pick ofx and y was arbitrary, one may write m in general for isotropic materials
as,

mijkl = b1(� ik � jl + � il � jk ) + b2� ij � kl : (2.19)

2.2.1 Relation between M ijkl and mijkl

As the electrostrictive tensorsM ijkl and mijkl in general are related to each other through
mijkl = � CE

ijmn M mnkl ; in the isotropic case, these tensors may be given by the constants
c1, c2, � and � respectively,

M ijkl = c1(� ik � jl + � il � jk ) + c2� ij � kl CE
ijkl = � (� ik � jl + � il � jk ) + �� ij � kl : (2.20)

With this de�nition we have:

M 33 = M zzzz = 2c1 + c2; M 31 = M zzxx = c2; (2.21)

so one has,

c1 =
M 33 � M 31

2
; c2 = M 31: (2.22)

Inserting all this gives the following relation,

mijkl = � CE
ijmn M mnkl

= � (� (� im � jn + � in � jm ) + �� ij � mn ) (c1(� mk � nl + � ml � nk ) + c2� mn � kl )

= � c1(2�� ik � jl + 2 �� il � jk + 2 �� ij � kl ) � c2(2�� ij � kl + 3 �� ij � kl )

= � 2�c 1(� ik � jl + � il � jk ) � (2�c 2 + 2 �c 1 + 3 �c 2)� ij � kl ;

(2.23)

Combined wit Eq. (2.19), this yields

b1 = � � (M 33 � M 31); b2 = � 2(� + � )M 31 � �M 33: (2.24)

2.3 Frequency-domain perturbation theory

It will be convenient to make further assumptions about the material for our frequency-
domain implementation in COMSOL. In the following, we will make two kinds of pertur-
bative expansions as depicted in �gure 2.3. In one expansion,E is entirely time harmonic
(AC); in the other, E both has a constant (DC) and a time harmonic (AC) component. In
the following, we will use the Cauchy momentum equationr � � = � �! 2u to simulate the
dynamics of a material in the frequency domain. We are also assuming that the system
has no free charges in the bulk, such thatr � D = 0.



2.3. FREQUENCY-DOMAIN PERTURBATION THEORY 11

Figure 2.2: Illustration of the variation of the electrostrictive strain with M 31 and M 33.
The yellow arrows indicate a uniform electric �eld across the material. The orange boxes
indicate the deformed bodies, and the dotted boxes indicate the equilibrium position of
the material.

Figure 2.3: Diagram depicting the coupling between the electric �eld E and the strain
tensor s in the two kinds of perturbative expansions. In piezo-mode the static 0th-order
�elds E (0) and s(0) are fully coupled to each other, and drive the two linearly coupled �rst
order �elds E (1) and s(1) . In the case of second-harmonic electrostriction, there is simply
a one-way causal relationship betweenE (1) and s(2) , while s(1) = E (2) = 0.
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2.3.1 Second-harmonic electrostriction

In the simplest case, the applied potential is weak and purely AC. The induced strains
can then be considered to be small such that one hasj2mklij skl j � " s

ij . It then makes
sense considering the constitutive equation (2.8a) to neglect the impact of the strain on
the electric �eld. In the case of an alternating electric �eld with angular frequency ! , the
simplest way of dealing with this is to introduce the "half-�elds" V (1) and u (2) together
with the "whole" static displacement �eld u stat . The total physical potential V and the
total physical displacement u is then equal to

V = V (1) e� i!t + V (1) � ei!t + :::; (2.25a)

u = u stat + u (2) e� i 2!t + u (2) � ei 2!t + :::: (2.25b)

In this convention, the total �rst order approximation for the physical �eld V is V =
2Re(V (1) e� i!t )2. Inserting this into the constitutive equations (2.8a), neglecting the e�ect
of u on V , taking the divergences, and collecting terms one obtains:

0 = @i " s
ij E (1)

j ; (2.26a)

� 4�! 2u(2)
i = @j

�
CE

ijkl s(2)
kl + mijkl E (1)

k E (1)
l

�
; (2.26b)

0 = @j

�
CE

ijkl sstat
kl + 2mijkl E (1) �

k E (1)
l

�
: (2.26c)

Now we can solve eq. (2.26a) forE (1) ; then (2.26b) for u (2) . Note that ! is the frequency
of E (1) and not that of u (2) . The factor of four in eq. (2.26b) is inserted to compensate
for this. Also note that the amplitudes of the physical �elds are twice the value of the
half-�elds: 2 jE (1) j and 2ju (2) j.

Whereas this is the above equations resemble the most straightforward way of imple-
menting electrostriction in the frequency domain, there is a risk associated with making
this expansion. If for example the system has a well-de�ned vibrational mode at 4! , even a
weak nonlinearity may be enough to produce a signi�cant 4th harmonic response. In the-
ory, it is possible to generalize the perturbative series to higher orders, by �rst expanding
perturbatively, and then collecting terms of shared frequency. This is expansion is carried
out to 4th order for isotropic electrostricors, and may be found in appendix E. With this
higher order expansion, it becomes possible to detect when the 2nd order perturbation
theory breaks down, though it doesn't provide an answer for what happens instead. The
implementation in the following chapter will however be based on eq. (2.26).

2.3.2 Piezo-mode electrostriction

The other kind of approximation made here is one where a strong constant electric DC
�eld E (0) is applied together with a weak AC �eld E (1) . This motivates the perturbative

2This convention di�ers from the convention used in much of the other work in the group, where one
simply has V = Re( V (1) e� i!t ). But in this thesis, a time harmonic physical �eld will always have a
maximum value which is twice the magnitude of the complex coe�cients.
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expansion,

E = E (0) + E (1) e� i!t + E (1) � ei!t + :::; (2.27a)

s = s(0) + s(1) e� i!t + s(1) � ei!t + :::: (2.27b)

Inserting this into (2.8a), taking the divergence and collecting orders results in the follow-
ing sets of governing equations:

8
<

:

0 = @j

�
CE

ijkl s(0)
kl + mijkl E (0)

k E (0)
l

�
;

0 = @i

�
� 2mklij s(0)

kl E (0)
j + " s

ij E (0)
j

�
;

(2.28a)

8
<

:

� �! 2u(1)
i = @j

�
CE

ijkl s(1)
kl + 2mijkl E (0)

k E (1)
l

�
;

0 = @i

�
� 2mklij (s(0)

kl E (1)
j + s(1)

kl E (0)
j ) + " s

ij E (1)
j

�
:

(2.28b)

Where the factor of two in front of the m in Eq. (2.28b) comes from the symmetry
mijlk = mijkl . Whereas these equations are slightly more complicated than Eq. (2.26),
they do have the nice feature that Eqs. (2.28a) are independent of! , whereas Eqs. (2.28b)
are linear. This is advantageous in a numerical setting, since the nonlinearity of the static
Eqs. (2.28a) makes them computationally heavy. Since we only have to solve the static
equations once to obtain solution for all values of! , we save a lot of time. Eqs. (2.28) are
expanded to 2nd order in appendix E.

Before we are ready to implement these equations in a numerical tool, we need to
brie
y introduce the theory behind numerical implementation of di�erential equations in
COMSOL. This is done in the following chapter.
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Chapter 3

Finite Element Method simulation
in COMSOL Multiphysics

In this chapter, I shall brie
y summarize the basic underlying theory of the Finite El-
ement software COMSOL Multiphysics, introducing the weak formulation of di�erential
equations, and the idea behind Mesh convergence.

3.1 Weak form implementaiton

The general idea behind the Finite Element Method is that all di�erential equations of a
�eld u may be written in terms of a generalized 
ux functional J and a generalized force
functional F such that one has

r � J [u(r )] � F [u(r )] = 0 for r 2 
 ; (3.1)

where 
 is the domain of the di�erential equation. This is true in general, since one could
de�ne J = 0 and then just have a very general equation that some functionalF of the
desired �eld u is equal to zero. It will however in practice turn out to be useful also to
de�ne the di�erential equation in terms of both F and J . As we shall see later, this is
because it allows us to de�ne physically meaningful boundary conditions. In general,u
and F may be tensor �elds of any rank n, while J is a tensor �eld of rank n + 1. Eq. (3.1)
is known as the Strong form of the governing equations, since it is true for the entire
continuum of points r in 
.

However, due to the numerical complexity of resolving all the in�nately many points
r in 
, the Finite Element Method resorts to approximating u as a superposition of test
functions ûn .

u(r ) � uN (r ) =
NX

n=1

C(u)
n ûn (r ) (3.2)

This is known asDiscrtization . In our modelling, ûn (r ) are chosen to be bounded piecewise
polynomials. The way this is done is by �rst representing 
 as a mesh consisting of a

15



16CHAPTER 3. FINITE ELEMENT METHOD SIMULATION IN COMSOL MULTIPHYSICS

�nite number of tetrahedrons and hexahedrons.1 The corners where these polyhedrons
meet up de�nes a set of pointsP. At each of these points, a certain number of piecewise
polynomials ûn (r ) are de�ned. These piecewise polynomials are de�ned to have a value
of 1 at P, and to have a value of 0 outside of the domains surroundingP.

To have the chosen coe�cientsC(u)
n approximate the true �eld u(r ) as well as possible,

the governing Eq. (3.1) is translated into its corresponding weak form. This is done in
two steps. First, we realize that Eq. (3.1) is equivalent to stating that

Z



ûn (r )

�
r � J [u(r )] � F [u(r )]

�
= 0 for all ûn 2 ûng1

n=1 ; (3.3)

Assuming that u is a smooth function of r , and that the set f ûng1
n=1 is a basis ofC1 (
).

Next, we employ a discretization by stating that u approximately can be represented by
a weighted sum of a �nite set of test functions f ûngN

n=1 . This approximation is made by
demanding that the approximate solution uN (r ) still satis�es Eq. (3.3), the so-called weak
form. Using the weak form, COMSOL is thus able to translate the problem of solving the
any partial di�erential equation into a problem involving a large set of coupled algebraic
equations. In the linear case, this may be solved by matrix inversion, in the nonlinear
case, a generalized version of Newtons method may be employed.

3.2 Weak form boundary conditions

A system of partial di�erential equation is not properly de�ned before one also states
the associated boundary conditions. The two most important kinds of boundary condi-
tions used in this work are the Dirichlet boundary condition and the Neumann boundary
condition.

The Neumann boundary condition is very simple to implement in the weak form. We
may start by de�ning it in the strong form, where it is expressed as a boundary condition
of the 
ux density J , wheren �J is forced to have some known valueN (r ) at the boundary
@
.

n � J = N (r ) for r 2 @
 (3.4)

This is translated into its weak form by performing partial integration to Eq. (3.3)
Z

@

ûnJ � n dr �

Z



(r ûn ) � J + ûnFdr = 0 ; (3.5)

and then inserting n � J = N (r );
Z

@

ûnN (r )dr �

Z



(r ûn ) � J + ûnFdr = 0 : (3.6)

On the other hand, the Dirichlet boundary condition has the strong form that

u(r ) = D(r ) for r 2 @
 : (3.7)

1A two-dimensional mesh consists of triangles and or quadrilaterals, a one-dimensional mesh consists
of line segments.
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Figure 3.1: The same cantilever was simulated using a course mesh with 2427 volume
elements (left), and a re�ned mesh with 14722 volume elements (right). The cantilevers
are 
at and the leftmost end of the cantilever (beyond the bold black line) is clamped.
The cantilever is made from a PI substrate (not visible) coated with a layer of CGO (red)
sanwitched between a two TiN electrodes (yellow). As a strong DC bias voltage and a
weaker AC voltage is applied across the electrodes, the cantilever de
ects periodically.

It is implemented by introducing a set of auxillary variables C(� )
m , and associated �eld

� (r ) =
P

m C(� )
m �̂ n (r ), this time de�ning the test functions �̂ m from the points and surfaces

on the boundary of the mesh. The weak form then turns into equations of the form

Z

@

ûn � (r )dr �

Z



(r ûn ) � J + ûnFdr = 0 for all ûn ; and (3.8a)

Z

@

�̂ m (u(r ) � D (r ))dr = 0 for all �̂ m : (3.8b)

3.3 Mesh re�nement test

A question one always needs to ask when doing �nite element method simulations is
weather the initial assumption; that the dependent variable really can be approximated
by a piecewise polynomial of the chosen resolution, is correct. If the physical system
considered is sensitive towards the precise values (and derivative values) ofu within very
tiny regions, it will be necessary for the discretization to resolve these regions su�ciently.
A generally accepted way of deciding whether a given mesh is su�ciently re�ned, is through
a mesh convergence study. In this, the same simulation runs several times using meshes of
increasing re�nement to check whether the choice of mesh has a signi�cant impact on the
resulting simulation. If the result is too sensitive to the choice of mesh, it may be discarded.
Since I have engineered these meshes heavily, they are almost entirely manually de�ned.
Automating the process of continually re�ning meshes is therefore a rather tedious task.
I shall therefore opt to simply craft two meshes with one mesh having roughly twice the
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Figure 3.2: Simulated de
ection uz (upwards) at the end of the two cantilevers as a
function of the frequency f of the AC voltage. Two resonance peaks are visible together
with one anti-resonance where the vibrational modes interfere destructively. The two
simulated cantilevers largely agree with each other within a margin of a few percent.

resolution of the other (see �gure 3.1). While the simulation using the course mesh solved
for 499 118 degrees of freedom, the simulation using the re�ned mesh solved for 2 924 636
degrees of freedom. The resulting mechanical response spectra are shown in Fig. 3.2. As
one can see, re�ning the mesh has only a�ected the simulated response very little.



Chapter 4

Modelling Electrostriction

In this chapter, we shall see how the theory of electrostriction is implemented in �nite
element software for three speci�c example setups:

One setup is an elastic cantilever with thin �lm CGO actuator attached to the top as
depicted in �gure 4.1. The purpose of the cantilever is to measure theM 31 electrostriction
coe�cient as accurately as possible by observing the elastic de
ectionuz at the end of the
cantilever that is due to the expansion/contraction of the CGO at a certain voltage. Also,
the cantilever is meant to demonstrate the capabilities of CGO, when applied directly on
top of polymers such as pylyimide (PI).

The second setup is an optical device consisting of a 
at piece of PET with a layer of
CGO on top and a PDMS-�lled hole in the middle (see �gure 4.2). It is intended to show
that CGO can be used to bend light.

The last setup of devices consists of narrow CGO-coated tubes as depicted in �gure 4.3.
The purpose of these tubes is to demonstrate a new application technique, and hopefully
to show that the CGO works as expected. If this is the case, it will demonstrate a bene�t
of CGO as an isotropic electrostrictor, which unlike piezoelectric crystals can be made to
work in many di�erent kinds of geometries.

The experiments are similar in the sense that an alternating electric �eld was applied
across a thin �lm of CGO. Hereafter, the induced de
ections were measured with lasers.

In general, the governing equations of (2.26) and (2.28) tell all one needs to know to
solve electrostriction problems in the frequency domain, so in this chapter simply states
the variables de�ned for these particular example cases. Since all materials considered in
these examples are isotropic, only the isotropic case will be described.

4.1 Cantilever device

Two cantilever devices were made and characterized by Victor Buratto Tinti. One was
made from a 
at rectangular piece of glass. The other was made from a 
at rectangular
piece of PI. Attached on top of these pieces of PI and glass, was a thin layer of CGO,
sandwiched between two thin layers of TiN electrodes. We apply a strong DC voltage and
a weak AC voltage to the electrodes, to generate an electric �eldE across the CGO-�lm,

19
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Figure 4.1: Images of the simulated cantilever device. A 500 nm thick CGO layer
(red/green) is sandwiched between two electrodes (orange) on top of a Polyimide (sand)
substrate. AC and DC voltage is applied to the electrodes, and the de
ection is measured
at the tip of the cantilever.

causing it to bend up and down periodically. The de
ection is then measured at the tip
of the cantilever.

To estimate this de
ection, we need to simulate the induced mechanical displacements
f u (0) ; u (1) g throughout the entire device, and the electrical potentials f V (0) ; V (1) g inside
the CGO (see �gure 4.1). To implement the governing equations, a number of variables
are calculated.

First, the electric �elds E (n) are de�ned by the gradient of V (n) , and the strains s are
de�ned by the gradient of u (n)

E (n)
i � � @i V (n) s(n)

ij �
1
2

�
@i u

(n)
j + @j u(n)

i

�
: (4.1)

Secondly, the trace of the strain tensorskk is de�ned from u (n)

s(n)
kk � @ku(n)

k : (4.2)

With this, one can de�ne the acoustic stress tensor� ac as:1

� ac (n)
ij � CE

ijkl s(n)
kl : (4.3)

In the case of isotropic materials, this may be calculated in terms of the Lam�e parameters
�; � as,

� ac (n)
ij = 2 �s (n)

ij + �s (n)
kk � ij : (4.4)

The stress induced on the material from the electric �elds shall be known as theelec-
trostriction stress � el,

� el (0)
ij = mijkl E (0)

k E (0)
l � el (1)

ij = 2mijkl E (0)
k E (1)

l : (4.5)

For isotropic materials, the m tensor is in general given by two material parameters[26] .
In this note they shall be namedb1 and b2 and de�ned by,

mijkl = b1(� ik � jl + � il � jk ) + b2� ij � kl : (4.6)

1 In the case of the static stress �eld, it would perhaps make more sense to refer to � ac as the mechanical
stress tensor
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If on inserts this into the relation mijkl = � CE
ijmn M mnkl , it can be shown 2 that the

b-coe�cients may be given by,

b1 = � � (M 33 � M 31); b2 = � 2(� + � )M 31 � �M 33: (4.7)

Inside the CGO-layer, � el becomes,

(
� el (0)

ij = 2b1E (0)
i E (0)

j + b2E (0)
k E (0)

k � ij

� el (1)
ij = 2b1;

�
E (0)

i E (1)
j + E (1)

i E (0)
j

�
+ 2b2E (0)

k E (1)
k � ij :

(4.8)

And outside the CGO one simply has

� el (0)
ij = � el (1)

ij = 0 : (4.9)

Moving on to the electrostatics problem, implementing the isotropic case is simply a matter
of inserting the de�nition of m together with " s

ij = "� ij into the governing Eqs. (2.28),

0 = @i

�
� 4b1s(0)

ik E (0)
k � 2b2s(0)

kk E (0)
i + "E (0)

i

�
; (4.10a)

0 = @i

�
� 4b1

�
s(0)

ik E (1)
k + s(1)

ik E (0)
k

�
� 2b2

�
s(0)

kk E (1)
i + s(1)

kk E (0)
i

�
+ "E (1)

i

�
: (4.10b)

This could prompt one to de�ne the electric and electrostrictive displacement �elds D el

and D strict ,

D el (0)
i = "E (0)

i ; (4.11a)

D el (1)
i = "E (1)

i ; (4.11b)

D strict (0)
i = � 4b1s(0)

ik E (0)
k � 2b2s(0)

kk E (0)
i ; (4.11c)

D strict (1)
i = � 4b1

�
s(0)

ik E (1)
k + s(1)

ik E (0)
k

�
� 2b2

�
s(0)

kk E (1)
i + s(1)

kk E (0)
i

�
: (4.11d)

So that with all these de�nitions the governing Eqs. (2.28) may be written as

8
<

:

0 = @j

�
� ac (0)

ij + � el (0)
ij

�
;

0 = @i

�
D strict (0)

i + D el (0)
i

�
;

(4.12a)

8
<

:

� �! 2u(1)
i = @j

�
� ac (1)

ij + � el (1)
ij

�
;

0 = @i

�
D strict (1)

i + D el (1)
i

�
:

(4.12b)

And since the electric �eld only is expected to be non-zero inside the CGO, the electrostatic
equations only need to be solved in that region. For implementation in COMSOL on has
to de�ne generalized 
uxes J and forcesF , such that the governing equations may be

2Note on electrostriction, section 2.1
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formulated as a set of continuity equations of the formr � J � F = 0. Looking at the
equations above, the following de�nitions seem convenient:

J u (0)
ij � � ac (0)

ij + � el (0)
ij ; F u (0)

i � 0; (4.13a)

J V (0)
i � D strict (0)

i + D el (0)
i ; F V (0) � 0; (4.13b)

J u (1)
ij � � ac (1)

ij + � el (1)
ij ; F u (1)

i � � �! 2u(1)
i ; (4.13c)

J V (1)
i � D strict (1)

i + D el (1)
i ; F V (1) � 0: (4.13d)

The only remaining task is to de�ne the boundary conditions. Fortunately this is rather
straightforward. At the boundary between the CGO layer and the (grounded) bottom
electrode, the potential is zero:

V (0) = V (1) = 0 ; (at the grounded electrode): (4.14)

At the positive electrode, the stationary �eld has potential VDC , while the value of the
oscillating half-�eld V (0) is half the amplitude of the applied hamonic potential VAC ,

V (0) = VDC ; (4.15a)

V (1) =
1
2

VAC ; (at the top electrode): (4.15b)

Since the �eld is assumed to be con�ned within the CGO layer, the remaining boundaries
will have the zero-
ux boundary condition,

J V (0)
i ni = J V (1)

i ni = 0 ; (at the remaining boundaries): (4.16)

The mechanical displacement �eldsu are known to be zero in the boundary where the
cantilever is attached to a stage, while the zero stress condition holds at the remaining
boundaries:

u(0)
i = u(1)

i = 0 ; (at the clamped boundaries); (4.17a)

J u (0)
ij nj = J u (1)

ij nj = 0 ; (at the remaining boundaries): (4.17b)

From the numerical solution, the absolute value of the area-averaged de
ection is calcu-
lated around the point of measurement in the corresponding experiment.

4.2 Optical device

The next device under consideration is an optical device, where electrostriction is used
with the intention of buckling the transparent hole in the middle of the device (see �gure
4.2). Simulation-wise, the optical device is very similar to the cantilever device, as it is
a 
at piece of material driven electrically by a thin CGO layer sandwiched between two
electrodes. The main di�erence in the modelling of the electrostriction comes from the
fact that in this case, the CGO was driven entirely by an alternating AC potential. This
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Figure 4.2: Illustration of the simulated optical device made by Jin Kyu Han. The main
part of the de
ection is concentrated inside the PDMS-�lled hole in the center, where the
de
ection uz going from zero (white) to uz = 3µm (red) is depicted. A thin layer of CGO
(green) on top of a PET substrate (blue) is sandwiched between a thin bottom electrode
(not visible) and a thin golden top electrode (yellow). Figure from our paper[11].

shall be treated by solving equations (2.26). They may be translated into the isotropic
cases following the same procedure as was done for the cantilever device:

0 = @i

�
"E (1)

i

�
; (4.18a)

� � 4! 2u(2)
i = @j

�
2�s (2)

ij + �s (2)
kk � ij + 2b1E (1)

i E (1)
j + b2E (1)

k E (1)
k � ij :

�
(4.18b)

Where the former equation only needs to be solved inside the CGO, as one hasE (1) = 0
elsewhere. If one de�nes� el (2) to be

� el (2)
ij � 2b1E (1)

i E (1)
j + b2E (1)

k E (1)
k � ij ; (4.19)

Then the equations may be written as

0 = @i D
(1)
i (4.20a)

� � 4! 2u(2)
i = @j

�
� ac (2)

ij + � el (2)
ij

�
; (4.20b)

and this prompts us to de�ne the generalized forces and current densities like so:

J V (1)
i � D (1)

i F V (1) � 0 (4.21a)

J u (2)
ij � � ac (2)

ij + � el (2)
ij F u (2)

i � � � 4! 2u(2)
i (4.21b)

The boundary conditions are implemented in a similar manner as in the case of the can-
tilever device. The two things to note, is that the two opposing ends of the device are
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clamped, and that the simulation is taking advantage of the mirror symmetries of the
device. At the symmetry planes, the following conditions should hold:

J V (1)
i ni = 0 u(2)

i ni = 0 J u (2)
ij nj = Jn i (4.22)

For some scalar �eld J at the boundary.

4.3 Cylindrical microtubes

For the microtubes, one can take advantage of the axial symmetry of the system to model
the problem in 2 dimensions (r and z). This is done by introducing cylindrical coordinates
(r; �; z ). In this case, the strain �eld is still given by s(2) = 1

2

�
r u (2) + ( r u (2) )T

�
[29],

s(2)
rr = @r u(2)

r ; (4.23a)

s(2)
�� =

u(2)
r

r
; (4.23b)

s(2)
zz = @zu(2)

z ; (4.23c)

s(2)
rz = s(2)

zr =
1
2

�
@r u(2)

z + @zu(2)
r

�
; (4.23d)

s(2)
r� = s(2)

�r = 0 ; (4.23e)

s(2)
z� = s(2)

�z = 0 ; (4.23f)

s(2)
kk = s(2)

rr + s(2)
�� + s(2)

zz : (4.23g)

Eqs. (4.23f,4.23g) coming from the symmetry of the system. The electric �eld will be
given by E (1) = � r V (1) ,

E (1)
r = � @r V (1) ; (4.24a)

E (1)
� = 0 ; (4.24b)

E (1)
z = � @zV (1) : (4.24c)

� ac (2) and � el (2) are then easily de�ned exactly as they were in Cartesian coordinates,

� ac (2)
rr � 2�s (2)

rr + �s (2)
kk ; (4.25a)

� ac (2)
�� � 2�s (2)

�� + �s (2)
kk ; (4.25b)

� ac (2)
zz � 2�s (2)

zz + �s (2)
kk ; (4.25c)

� ac (2)
rz = � ac (2)

zr � 2�s (2)
rz ; (4.25d)

� ac (2)
r� = � ac (2)

�r � 0; (4.25e)

� ac (2)
rz = � ac (2)

zr � 0; (4.25f)
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� el (2)
rr � 2b1E (1)

r E (1)
r + b2E (1)

k E (1)
k ; (4.26a)

� el (2)
�� � b2E (1)

k E (1)
k ; (4.26b)

� el (2)
zz � 2b1E (1)

z E (1)
z + b2E (1)

k E (1)
k ; (4.26c)

� el (2)
rz = � el (2)

zr � 2b1E (1)
r E (1)

z ; (4.26d)

� el (2)
r� = � el (2)

�r � 0; (4.26e)

� el (2)
rz = � el (2)

zr � 0: (4.26f)

The governing equations in cylindrical coordinates will however look di�erent, since they
involve the divergences of these �elds. If one de�nes� � � ac (2) + � el (2) , one can follow
the derivation from [29] for the remaining implementation. For completeness however, we
shall largely repeat the points in the following. The expressionr � D (1) becomes:

r � D (1) =
�

er @r + e�
1
r

@� + ez@z

�
� ("er E (1)

r + ez"E (1)
z ) (4.27a)

= "
�

1
r

@r

�
rE (1)

r

�
+ @zE (1)

z

�
: (4.27b)

Likewise, the expressionr � � � r � (� ac (2) + � el (2) ) becomes:

r �
�

� ac (2) + � el (2)
�

(4.28a)

=
�

er @r + e�
1
r

@� + ez@z

�
� (� rr er er + � �� e� e� + � zzezez + � rz er ez + � zr ezer )

(4.28b)

=
1
r

(er @r (r� rr ) + er @z(r� zr ) + ez@r (r� rz ) + ez@z(r� zz) � � �� er ) (4.28c)

=
1
r

((er @r + ez@z) � [r (� rr er er + � zr ezer + � rz er ez + � zzezez)] � � �� er ) : (4.28d)

With this, we can �nally write the governing equations r �D (1) = 0 and r �� = � 4�! 2u (2) .
To remain consistent with [29], we shall multiply the equations through with 2�r .

@r

�
2�r"E (1)

r

�
+ @z

�
2�r"E (1)

z

�
= 0 ; (4.29a)

(er @r + ez@z) � [2�r (� rr er er + � zr ezer + � rz er ez + � zzezez)] � 2�� �� er = � 8�r�! 2u (2) :
(4.29b)

In the axially symmetrical case, J and F must be de�ned such that one has:

(er @r + ez@z) � J � F = 0 (4.30)
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Figure 4.3: Schematics and simulation results of the two kinds of microtube-devices made
by Victor Buratto Tinti. The white arrows indicate the induced strain. In the experiment,
an AC voltage was applied at the TiN electrodes, and the axial contraction (black arrows)
was measured. The simulated devices shown here have a glass substrate. The same devices
were also made with a PI substrate. The schematics are taken from our paper[11].

Therefore, looking at (4.29), the current densities and forces may be de�ned like so:

J V (1) � 2�r
�

er "E (1)
r + ez"E (1)

z

�
; (4.31a)

F V (1) � 0; (4.31b)

J u (2) � 2�r (� rr er er + � zr ezer + � rz er ez + � zzezez); (4.31c)

F u (2) � 2�
�

er

h
� 4r�! 2u(2)

r + � ��

i
+ ez

h
� 4r�! 2u(2)

z

i�
: (4.31d)

Lastly, for the boundary conditions. The tube is clamped at one end, an free at the
remaining boundaries. The boundary conditions may thus be implemented as in the
previous examples.



Chapter 5

The Properties of CGO

Having developed a way of simulating electrostriction within a �nite element method
framework, we may now compare the simulation results with the experimental measure-
ments.

5.1 The value of the coupling constant M at 10 Hz

The electrostriction tensor M is in general a function of two frequencies. That is to say
that the constitutive Eq. (2.8c) really should read

sij (! � ) = SE
ijkl � kl (! � ) + M ijkl (! 1; ! 2)Ek (! 1)E l (! 2); (5.1)

where ! � = ! 1 + ! 2. It was however shown in the paper by Park et al. [9], that the crude
approximation M ijkl (0; ! ) � M (!; ! ) held true within a factor of 2 across all the applied
electrical frequencies from 10� 2 Hz to 103 Hz. I shall continue using this approximation in
the following.

Taking 10 Hz as an example, the measured elongations of the in-plane tubes both �t
with a value of M 33 = � 6 � 10� 16 m2=V2. Using this result to calculate the value of M 31

from the four other experiments, results in four measured values as depicted in Fig. 5.1.
As explained in the supplemental material of the paper, the idea is simply to assume that
M 31 is small, such that one may Taylor expand to �rst order,

uz(M 33; M 31) = uz(M 33; 0) + � 0M 31; (5.2)

where the simulation provides the constants� 0 and uz(M 33; 0). Then from the measured
magnitude juz j, one may estimate two possible values ofM 31 as

M 31 =
�j uz j � uz(M 33; 0)

� 0
: (5.3)

Thus, each experiment measures two possible values a and b as can be seen in Fig. 5.1.
Two things become apparent from the �gure:

1. The cross plane PI tube experiment is inconsistent with the three other experiments.

27
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Figure 5.1: Values of M 31 at 10 Hz �tted to match with experimental data, assuming
M 33 = � 6 � 10� 16 m2=V2 . Two possible values, a and b, ofM 31 as calculated from Eq.
(5.3) are plotted for each experiment. The indicated uncertainties are calculated from an
uncertainty in the thickness of the CGO-layer.
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2. The three other experiments are consistent with eitherM 31 = 2 � 10� 20 m2=V2 or
M 31 = 0 � 10� 20 m2=V2.

One may speculate a lot about possible explanations for these experiments. The recorded
frequency responses (Fig. 3 in the article) of the tubes do seem to indicate vibrations
sideways relative to the direction of elongation, as resonances in the 50 Hz range was

recorded, while elongation modes of the tubes would have a frequency off = 1
4

q
E
� L � 1.

Since the tubes were 1:5 cm long, this would for pure PI correspond to a frequency of
26 kHz. The bottom line is however that the 3 experiments agreeing with each other are
more likely to be correct than the one disagreeing experiment.

Since three out of four experiments are consistent withM 31 = 0, a large part of
the measured de
ection must be due toM 33. The way M 33 manages to produce such a
de
ection in the z-direction at the end of the cantilever is illustrated in Fig. 5.2. SinceM 33

is so much bigger thanM 31, the h = 500 nm wide region along the far edge of the cantilever,
where the E-�eld isn't exactly perpendicular to the cantilever is predicted to produce a
tiny kink in the substrate through generated in-plane stresses. This kink, together with
an accumulated e�ect along the sides of the electrode turns out to be enough to explain
the measured de
ection at the end of the cantilever.

5.2 Frequency dependence of M

The de
ection of the cantilevers was recorded at a wide range of frequencies (see Fig.
5.3). One simulation (red curve) assumes thatM 33 is equal to 6� 10� 16 m2=v2 for all
frequencies, while the second curve (blue) is made assuming the power law dependence

M 33(f ) =

8
<

:

� 6 � 10� 16 m2=V2 for f = 0
�

f
1 Hz

� � 0:66
� (� 60) � 10� 16 m2=V2 for f 6= 0 ;

(5.4)

Both simulations assume that M 31 = 0. Looking at Fig. 5.3, the power law depen-
dence seems to �t both experiments reasonably well. The simulations do however contain
a number of "anti-resonances" at frequencies where the combined response of the two
neighbouring resonances cancel out, yielding a response much lower than that measured
in the experiment. One may interpret this as evidence that the simulations have failed to
capture the spatial distribution of actuation. The measured f � 0:66 -dependence is however
in good agreement with the measurements by Park et al. [9].

5.3 Optical device

Upon application of the electric �eld, the PDMS in the middle of the device was shown
to buckle a few microns as shown in Fig. 4.2. The simulation thus con�rms the in-
tuition of the designers of the experiments. The simulation assumesM 31 = 0 and
M 33 = � 6 � 10� 16m2=V2, and the predicted de
ection is caused by the same edge-�eld
e�ect as discussed for the cantilever.
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Figure 5.2: Simulated static de
ection uz of the glass cantilever (red curve) along the
center line of the glass cantilever as a function of thex-coordinate. Three regions alongx
are marked: the clamped region withuz = 0 (blue), the region containing the top electrode
(red), and the end region without the top electrode (green). The inset shows a color plot
of the magnitude jsxx + syy j of the simulated static in-plane stress from zero (black) to
maximum (red) induced in the substrate, clearly showing that the main contribution to
uz is generated in the regions below the edges of the top electrode. Below is a zoom-in
on the electric �eld (yellow) near the edge of the top electrode (red) where the kink is
obeserved. Within a distanceh from this edge, theE -�eld obtains a signi�cant horizontal
in-plane component, causing the elecrostrictor to contract and bend the glass underneath.
The CGO is colored from tr(s) = 0 (black) to tr( s) = 2% (orange). The de
ection u
is ampli�ed by a factor of 10 for visibility. Figure from the supplementary note of our
paper[11].
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