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We show that by embedding a liquid-filled acoustofluidic cavity in a metamaterial, the quality factor of
the cavity at selected acoustic resonance modes can be enhanced by 2—3 orders of magnitude relative to a
comparable conventional cavity by matching the coarse-grained elastic moduli of the metamaterial to the
acoustic properties of the liquid. The corresponding decrease in dissipation in the cavities is caused by the
synchronized motion of the metamaterial and the liquid, which strongly suppresses the resulting acoustic
streaming. The weak streaming combined with the enhanced quality factor enables fast acoustophoretic

focusing of submicron particles in the cavity.
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L. INTRODUCTION

The quality factor Q of an acoustic resonance mode in
a liquid-filled acoustofluidic cavity embedded in an elastic
solid is limited by dissipation in the liquid, mainly due to
the large stresses in the thin viscous boundary layers near
the elastic walls of the cavity. For megahertz ultrasound
resonance modes in typical water-filled acoustofluidic cav-
ities with kinematic viscosity v at angular frequency o,
O factors are measured in the range 10—600 [1], a value
set by the relevant length scale of the cavity relative to
the thickness § = /2v/w of the viscous boundary layer
[2]. For the long, straight, box-shaped cavity of length L,
width W, and height H, with H < W « L, studied in Refs.
[1,2], it is found that QO = H/§. Given a typical height
H =160 pm and a standing half-wave along the width
W = 375 wm with a resonance frequency of 2 MHz, we
have the boundary-layer width § = 0.4 pm, and thus Q =
400. The same physics, with similar magnitudes Q ~ R/$,
is found theoretically for circular cross sections of radius
R[3].

In the above typical example, the boundary layer is
formed by viscous friction in the liquid, as the acoustic
velocity of the liquid changes from its bulk value v, to zero
at the nearly rigid wall over a distance §. The smallness of
8 is the reason that the dissipation Wy & 1(v/8)? in the
boundary layer dominates the total dissipation in the sys-
tem. The Q factor may be increased considerably simply
by removing the boundary layer.

In this paper we show that the boundary layer may be
removed, or at least strongly suppressed, by embedding the
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acoustic cavity not in a conventional elastic solid, denoted
by superscript “sl,” but instead in an elastic metamaterial
denoted by superscript “mm,” as illustrated in the concep-
tual sketch shown in Fig. 1. By tuning the geometrical
parameters of the metamaterial such that its coarse-grained
elastic moduli essentially equal the corresponding moduli
of the liquid, it is possible at a given resonance to match the
vibrational velocity d,u of the metamaterial to the acous-
tic velocity v, of the liquid at the solid-liquid interface of
the cavity. This matching suppresses the boundary layer,
so that the dissipation of the system is limited by the small
bulk dissipation of the liquid, and the Q factor increases to
approximately 10°.

The paper is organized as follows. In Sec. Il we present
the theory of acoustic cavities embedded in an elastic
metamaterial. In Sec. III we introduce a specific two-
dimensional (2D) model, which is simulated numerically
in Sec. IV using the finite-element software COMSOL Multi-
physics, as well as solved analytically for a simplified case
in Sec. II1 C. The 2D model is subsequently extended to a
3D model, briefly studied in Sec. V. Finally, in Secs. VI
and VII we discuss the results and present our conclusions
and outlook regarding the focusing of submicron parti-
cles. Animations of selected results, together with some
COMSOL scripts, are provided in the Supplemental Material

[4].

II. THEORY
A. The model system

In the main part of this work, our proposed system is
assumed to be translationally invariant in the length direc-
tion x. From the infinitely many designs implied in Fig. 1,
we have chosen to work with the specific type of structure

© 2026 American Physical Society
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FIG. 1. A conceptual sketch of the cross section of the long,
straight model system with three types of domains: a fluid cav-
ity or channel Qf (blue) embedded in an elastic solid Q' (beige)
that contains a metamaterial subdomain Q™ (beige with white
structures). The outer surface of the solid is divided into the
free part 925 _ (black) and the oscillating, actuated part 92S.

free osc
(green), where the green double arrows represent the oscillation

amplitude vector dy.

having the rectangular 2D cross section sketched in Fig. 2.
This particular design allows us to find the approximate
analytical solution discussed in Sec. III C below using a
coarse-grained version of the metamaterial, which not only
elucidates the physical cause of the liquid-wall synchro-
nization but also provides initial values of the geometrical
parameters of the actual metamaterial to be optimized. Its
simplicity furthermore allows a straightforward extension
to the 3D model, briefly studied in Sec. V below, obtained
by extruding the 2D cross section along the axial direction,
resulting in a straight device of length L.

In the 2D cross section, a fluid-filled cavity Q" cir-
cumscribing a rectangle of width W and height A is
surrounded by a solid material region Q, which is sub-
divided into four domains. The base Q . is a large
rectangular block of regular solid material of width !
and height H*!, with a free surface to the left. The lid
inld is a thin rectangular region of regular solid material
of width Wfi'd with a prescribed time-harmonic displace-
ment uPs = d, cos(wf) e, on its rightmost boundary. The
remaining two rectangular regions Q" and €250 above
and below the cavity consist of a mechanically periodic
metamaterial, with a unit cell Q) of height H and
width W, shown in the inset of Fig. 2, repeated N, x N;
times along y and z, respectively. The small-scale geome-
try of Q2 is optimized to make the metamaterial move
in sync with the fluid in the cavity. We treat all acous-
tic fields g; to be complex-valued with a harmonic time
dependence e’ such that the real part corresponds to the
true physical field gP™s,

2™ (r, £) = Re[gi(r) e "]. (1)
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FIG. 2. The 2D model device consisting of five domains:
the solid base ., the fluid channel Q, the solid lid Qj},
and the two metamaterial walls Q7" and Qg° . each being
an (N, x N;) metamaterial, here (N, x N.) = (4 x 8), with the
elongated hexagonal unit cell Q7 of height H and width Wy
shown enlarged in the inset. The device is actuated on the outer
rightmost surface (green line) with a time-harmonic uniform dis-
placement amplitude of dy (green arrows), while all other walls
are free to move, having zero-stress conditions.

B. The fluid domain

To model the acoustic behavior of the coupled fluid-
solid system, we follow our previous work [2,5] and first
consider the governing equations in the fluid domain Q in
terms of the pressure p, velocity v, and density p', namely
the continuity and Navier—Stokes equations,

ahp" ==V - (p"V), (2a)
plav =V .o — (plv.-V)y, (2b)

where the fluid stress tensor o1 is given in terms of p, v,

and the respective shear and bulk viscosity 1 and n?,
o"=[-p+ =3V v]I+n[Vv+(VV']. (3)
At the fluid-solid interface, which is the boundary 9Q" of

the fluid domain Q" with normal vector n, the boundary
conditions are continuity in velocity and surface stress,

v=0u atdQ (4a)

ol n=0"-n atdQl, (4b)

where ¢ and d,u are the stress and velocity of the mate-
rial surrounding the fluid domain. We solve the above
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equations by applying perturbation theory in terms of the
acoustic Mach number, assuming fields to become progres-
sively weaker with increasing orders. For the zeroth-order
solution, we assume the fluid to be at rest, vy = 0, with
constant pressure py and density pf.

We then assume the first-order fields to be time har-
monic, g; = g1(r) e, and relate the first-order pressure
and density, p;(r) = p{i(cg)z, by assuming a constant com-
pressibility k1 = [pfl(c1)?]~!, where c{l is the sound speed
of the wave with wave number kg = a)/cg. Finally, we
truncate the perturbation expansion and keep only zeroth-,
first-, and time-averaged second-order fields,

p(r,0) = pf + plklpi(®) e + pl(r),  (5a)
p(r,0) = po+pi(r) e + py(r), (5b)
v(r, 1) = vi(r) e @ + vy(r). (5¢)

Inserting this expansion into Eq. (2), we obtain the first-
order governing equations

ioklpy =V vy, (62)

iwpgvi = Vp1 — Vv — (n° — 2n)V(V - vp),  (6b)
which we solve numerically and with which we work
analytically moving forward.

Numerically, we also solve for the second-order fields in
Q. which are governed by the equations [2,5]

ng v+ V. (p?vl) =0 inQf, (7a)
V.ol — oV . (vivj)) =0 inQf (7b)
Va4 ((u; - V)v)) =0 ataQf, (7¢)

where the bracket (4;B;) represents the time average over
one oscillation period of the product of any two complex-
valued first-order fields 4, and B;,

(41B)) = 1 Re[4,B7}], (8)

with the asterisk denoting the complex conjugate.

To characterize the utility of acoustic modes with regard
to focusing microparticles by acoustophoresis, we cal-
culate for each mode three useful quantities: the time-
averaged acoustic energy density £ in the fluid,

f f f f
K 0 K I
EN = 70 (Pip1) + 70 (viv1) = IO|P1 2+ TOIV1|2,
(%9a)
the Rayleigh streaming speed v? M defined by
Ryl JET
; ayl _ ﬂacﬂ , (9b)
2p4¢y

and the spatial average ((v,)) of the magnitude of the
streaming velocity vy,

1
W@>=$EA¥WﬂdV %)

If we imagine placing a spherical particle with radius
a inside an acoustic cavity, the particle is subject to an
acoustic radiation force Fy,q ~ @’k8ET pushing it toward
the nearest pressure node (or antinode) [6—8]. Simulta-
neously, a drag force Fyng ~ 6manv, associated with the
acoustic streaming field v, will instead tend to pull this par-

ticle around in a vortex motion. Consequently, there exists

a critical radius a. ~ 8,/ v/ vg ¥ for which Farag ~ Frads
and below which particle focusing ceases. For polystyrene
particles in the box-shaped 2-MHz cavity described in the
Introduction, this radius is roughly a. ~ 1 wm [9,10]. For
strong focusing of small particles, one therefore needs £
to be as high as possible while keeping the streaming field
v, as low as possible.

C. The solid domains

In the solid domains, we apply linear elastodynamics
to solve for the displacement field u(r,¢), such that the
Hookean stress tensor ¢ is linear in the strain tensor
s = %[Vu + (Vu)'] in terms of the stiffness tensor C,

(@ = (C:8); = Cysu. (10)

The second equality employs index notation, where sum-
mation over repeated indices is implied. For isotropic
materials, C can be written in terms of the Voigt coeffi-
cients Cy; and Cy4 as

Cijrt = (C11 — 2C44)8 810 + Caa(Sixjr + 8:0j).  (11)

Consequently, the governing equation for the time-
harmonic displacement field u of the elastic solid is the
Cauchy momentum equation [2,5]

u(r,t) = uy(r)e ™,

in Q.

(12a)

2 sl (12b)

—w*pu; =V .o

On the boundary of the solid domain, three types of
boundary conditions apply: (1) continuity of velocity on
the fluid-solid boundaries 92, which supplements the
continuity of stress in Eq. (4b); (2) a prescribed time-
harmonic displacement with amplitude d, on the actuated
part 3Q3.  of the outer boundary; and (3) zero stress on the

osc
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remaining free part aszgee of the outer boundaries,

w=—v atQ", (13a)

w
u =don atdQ , (13b)
o -n=0 atdQ .. (13¢)

We end this section by defining the time-averaged
acoustic energy density ES. within the solid as

11 1ol 2
Eye = 5 ((Ciusri)s11) + 50% 0% (e un ).

(14)
The total time-averaged acoustic energy U,. of the device,
the time-averaged acoustic power Pj, supplied to the
device, and the quality factor Q, of the nth resonance
modes at frequency w, of the device are thus

Uac=/ EfchJr/ ESL 4, (15a)

Qﬂ Qsl

P = / (ciwpu) - (o -m)dd,  (15b)
aqsl
a)nl_]ac

Oy = —=. (15¢)
Pin

D. The metamaterial domains

The metamaterial domains consist of N,, x N.-arrays of
the elongated hexagonal unit cell as specified in Fig. 2
and Table I, which for short is called an (N, x N.) meta-
material. The metamaterial domains are governed by the
Cauchy equation with the same material parameters as for
the regular solid domains, but of course implemented with
the full intricate metamaterial geometry. Once the N, x N,
array is constructed, the implementation in COMSOL Mul-
tiphysics of the metamaterial is straightforward, and this
implementation is used to produce all the results presented
in Secs. IV and V below.

However, when making the analytical approximations in
Sec. I C below to find a good starting point for the meta-
material optimization, we describe the metamaterial as a
homogeneous, anisotropic elastic solid governed by the
Cauchy equation with coarse-grained values (superscript
“mm”) of the displacement field and the material param-
eters: u — u™, ps! — p™Mand Cyy — Chit. Most of
these coarse-grained quantities are assumed to be local
spatial averages of their regular counterparts, e.g., p™" =
(1/WeenHeenn) f g o3l dV. The single exception to this rule

is Cjgy', which instead is defined to satisfy the coarse-
grained version of Eq. (10) as follows. On a single unit
cell (see the inset of Fig. 2) we apply a constant strain
Syy = do/Ween by prescribing a displacement of u = dpe,
on the rightmost edge &, a zero displacement u = 0 on the
leftmost edge &;, and the symmetry condition u, = 0 on

TABLE 1. Parameter values used in the model systems.
For fused silica, the following parameters are computed from
the values listed in Ref [l11]: « = 6.25 x 107> dB/cm x
0.115Np/dB x 100 cm/m, y =ac,/w, Re[Ci]= pc,zo,
Re[Cy] = pci;, and Im[C;] = —2y Re[Cy].

Parameter Symbol  Value Unit
Fused silica [11]

Mass density o 2200 kgm™3
Sound speed, longitudinal Clo 5700 m/s
Sound speed, transverse Cur 3750 m/s
Attenuation constant at 2 MHz o 714 wNp/m
Damping coefficient at 2 MHz y 0.324 ppm

Elastic modulus 11, real part Re[Cy1] 71.5 GPa

Elastic modulus 44, real part Re[Cy4] 30.9 GPa
Elastic modulus 11, imag. part Im[C};] —46.3 kPa
Elastic modulus 44, imag. part Im[Cs] —20.0 kPa
Water [12]

Mass density ol 997.05 kgm™
Speed of sound cg 1496.7 ms™!
Dynamic viscosity n 0.890 mPa s
Bulk viscosity n’ 2485 mPas
Compressibility % 4477  TPa’!
Geometry, Fig. 2

Channel height HA 160 pm
Channel width wh 375 pwm
Solid base width Wi 714 pwm
Solid lid width Wi 71 wm
Displacement amplitude dy 0.1 nm

the top and bottom edges £ and Eg. Then the metamaterial
values of the elastic coefficients are given by the following
averages over the unit cell: C;‘l”'y'; = (1/dyHcenn) me'lT 0;;dA
for ii = yy and zz. Likewise, by applying a strain Sz =
dy/Heen on Er and zero strain on &, we obtain Cjr =
(1/doWeen) '/Qgglrll ;i d4.

III. MODELING THE 2D SYSTEM
A. Materials and geometry of the model

The model to be simulated numerically is defined as
follows. The solid material is chosen to be fused silica
glass due to its small attenuation constant, and the fluid
is water. All parameter values are listed in Table 1. The
detailed cross-sectional geometry in the y-z plane is shown
in Fig. 2, and the model is assumed to be translationally
invariant in the out-of-plane x direction. The elongated
hexagonal unit cell shown in Fig. 2 is inspired by Ref. [13].
Its initial configuration is chosen to satisfy the require-
ments for the coarse-grained stiffness and density derived
in Sec. I C, and it is computed as described in Sec. [V A.

The design goal of the geometry is to support the
first acoustic mode » = 1, a standing half-wave resonance
inside the rectangular fluid channel of width W and height
H" with a pressure node along the center line aty = 0, and
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FIG. 3. Simulation results in and near the fluid cavity for dy =
0.1 nm: color plots of the pressure field p; from —p{™* (blue)
to p"™* (red) in the fluid and of the magnitude u; from zero
(dark blue) to u'™ (yellow) of the displacement field u; in the
solid. The ﬁrst—order displacements u, and iw~'v, of the solid
and fluid are represented by deformed colored lines and colored
arrows relative to evenly spaced gray zero-deformation lines. (a)
The conventional rectangular cavity with »** = 17 nm (x 1000
for clarity) and p{"™™ = 270 kPa. (b) The optimized cavity using
the (5 x 10) metamaterial with the hexagonal unit cell defined in
Fig. 2, and with 7™ = 8.4 um (x4 for clarity) and p"* = 161
MPa. Animated versions of the panels and associated COMSOL
scripts are given in the Supplemental Material [4].

subsequently to fine-tune this mode to maximize its Q fac-
tor Q). The obtained systems are then compared against a
conventional reference system, in which the metamaterial
domains are replaced by solid fused silica.

B. Implementation in COMSOL

The governing equations and boundary conditions of
Sec. II are, as in our previous work [2,5,7-9], imple-
mented in the “Weak Form PDE Interface” of the
commercial finite-element software COMSOL Multiphysics
[14]. Examples of numerical solutions are shown in Fig. 3
for both a conventional rectangular fluid-filled channel
embedded in an ordinary elastic solid and for an (N, x N;)
metamaterial model.

C. An approximate analytical solution

As stated earlier, the goal of this study is to create an
acoustofluidic mode without viscous boundary layers, so
v; must be irrotational [2]. In this case, the first-order gov-
erning equations reduce to a Helmholtz equation for p,
while the velocity field v, is proportional to Vp:

2

Vi = —(1 + iy 2 D1 (16a)
(chy?
—1
V] = —ﬁVpl. (161’))
wp,

Here ¥y = wxll(n® + % 3 %1) is the dimensionless bulk damp-
ing coefficient of the fluid, which for MHz frequencies
in water is of order 1073. A mode is thus matched, or
synchronized, with the wall motion if this curl-free bulk
velocity along the entire boundary of the fluid domain
satisfies the no-slip condition (4a), which in terms of p;
is

at 901,

—SRvP L= a7

po

This condition gives us a strong hint about how to con-
struct a cavity with a wall-synchronized resonance mode.
We start by assuming that the cavity contains an ideal
standing pressure half-wave along the y direction,

T

pr=psintkgy) with kg = -4 (18)

Neglecting ¥, this mode obeys Eq. (16a) for w = cokﬂ
Next, to satisfy the wall-synchronization condition (17),
we approximate the actual (N, x N.) metamaterial by its
coarse-grained counterpart. The displacement uj"" in the
two coarse-grained metamaterial regions 2" and Ve
may therefore be chosen to be
g — PR
1 (1)2

(19)

= cos(k Iy)e, in Q" and QL.

0

Finally, one way to ensure that the displacement field u; in
the isotropic base solid ©2* has a vanishing amplitude along
the base-metamaterial interface at y = —% W1, while main-
taining a nonvanishing normal stress, is to choose u; to
be a quarter of a standing longitudinal displacement wave
with a node aty = — 1/,

sl
in Qbase

u; = ¥ sin [ks1 v+ %Wﬂ)]ey (20)
From the Cauchy equation (12b) and the continuous-
stress boundary conditions in Eq. (4b), this assumption
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results in the amplitude and wave-number relations,

0
o__ P
it = g (21a)
sl il
S S Ay L (21b)
1 [
the quarter-wave width condition,
T cf)lL
Woe = 30 = a7 (22)

and the following set of conditions on the coarse-grained
metamaterial parameters p™" and Cjg':

Cmm

zyy

- (23)

1
mm __ fl m
Y - 10()9 C:;yy Slys
kg

O

In the limit where the lid thickness W}, tends to zero and
the device height H*! tends to infinity, this system has
an almost perfectly matched, or synchronized, resonance
mode at /' = cll/@W") =1.996 MHz. In the following
section we show that even in the case of a geometry with
finite values of Wfild and H®, the above coarse-grained
values serve as an excellent starting point for the numer-
ical determination of the geometry of actual (N, x N;)
metamaterials that support well-synchronized modes.

IV. 2D MODEL: NUMERICAL SIMULATIONS

We now present the main result of our study of the 2D
model: the optimization of the (¥, x N.) metamaterial to
maximize the Q value of the acoustic cavity.

TABLE II.

A. Optimizing the system to maximize the Q value

To optimize the metamaterial, we first find an ini-
tial metamaterial that satisfies the three criteria listed in
Eq. (23). For this, we opt for a hexagonal metamate-
rial, which has shown high tunability in previous work
[13], and which, due to its twofold mirror symmetry,
already satisfies the criteria Cijyi = Cj018;, and Cip) =
(21, 8i-- By simulation in COMSOL Multiphysics of one unit
cell Q7, we calculate the coarse-grained stiffness tensor
C™(Ly,L,,Ls) and adjust the parameters L, L, and L3
defined in Fig. 2 until Eq. (23) is satisfied. This results in
the values LY, L9, and LY:

412 pm 10— 206.6 pm 10— 67.9 pm
N, 27N TN,
y y v
(24)

0
L=

Next, using L9, L9, and L9 as initial values for a given
choice of (N, N.), we simulate the full system repeatedly
using the built-in COMSOL “Optimization Interface” with
the unit-cell height L; and hole width L, as optimization
parameters to be changed after each numerical iteration,
while keeping the strut width fixed, L; = Lg, until the Q
factor of the resonance mode is maximized. The resulting
optimized values L}’ " and Lgpt of Ly and L, are listed in
Table II. Note that the device height at all times must sat-
isfy H! = H" 4+ 2N.L,. We vary only two of the three L;
parameters, since we aim to synchronize the metamaterial
motion with that of the fluid, which in turn is characterized

by two parameters, the wave number & and the amplitude

py.

Table II also lists the coarse-grained values in the
optimized (N, x N.) metamaterials of o™ as well as

Simulation results for the reference system and nine different optimized metamaterial systems illustrated in Fig. 3, all

with N, = 2N, and dy = 0.1 nm. Note that L™ = L = 67.9/N, wm was kept fixed and not optimized; see Eq. (24).

Parameter Ref. system (Ny x N;) metamaterial systems
N, — 2 3 4 5 6 7 8 9 10
N, — 4 6 8 10 12 14 16 18 20
Opt (nm) — 199.8 138.6 106.7 86.3 72.1 62.0 54.4 48.4 43.6
°p‘ (wm) — 112.8  73.1 56.1 45.0 37.5 32.3 28.17 24.95 22.59
Op‘ (pm) — 340 2263 1698 13.58 11.33 9.70 8.49 7.54 6.79
mm/po — 0988 0.985 0975 0.972 0973 0.970 0.970 0.970 0.969
RG[CBIVT;]K(? — 1.306 1.083 1.030 0.996 0.990 0.985 0.970 0.958 0.968
RG[CZHZ];;]K(? — 1.673 1374 1484 1479 1475 1.500 1.472 1.444 1.484
Re[CTT Ik i — 1.673 1374 1484 1479 1475 1.500 1.472 1.444 1.484
Re[CfZ‘?;]/((ZL3/ Ween) Re[CFP]) — 0939 0960 0.949 0.948 0.948 0.946 0.948 0.950 0.947
H® (mm) 2.04 1.76 1.82 1.87 1.89 1.89 1.90 1.90 1.90 1.91
Jres (MHz) 1.920 2.051 1980 1977 1972 1967 1970 1.965 1.959 1.965
0/104 0.043 4.3 6.6 8.7 10.4 12.2 13.8 15.2 16.2 17.2
0/t 1 99 153 200 240 283 321 351 375 397
ET (MJ/m?) 8.1x107% 0.33 0.95 1.74 2.47 34 43 6.3 7.1 7.8
(( o) /vRayl 0.282 0.053 0.047 0.041 0.032 0.030 0.0264 0.0234 0.0213 0.0198
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. . . ﬂ
Re[C])))] and Re[C7)] relative to the predictions p; and

1/, respectively, of the idealized analytical model. Also

listed are Re[C)] and Re[C1], the latter compared to

(2L5 /chn)lels, which is the approximate value of two
straight vertical struts, each of width L; distributed over
the width W,.. See the associated COMSOL script in the
Supplemental Material [4] for the computation of these
values.

B. Energy density and Q factor

In Fig. 3, the conventional reference cavity is com-
pared with the optimized (5 x 10) metamaterial cavity.
For the conventional cavity, the velocity amplitude of the
acoustic mode in the bulk of the cavity, away from the
boundary layers, is far greater than the wall velocity, lead-
ing to large velocity gradients inside the boundary layers
near the fluid-solid interface. These gradients are much
smaller inside the optimized metamaterial cavity because
the first-order displacements u; and iw~'v; are matched
across the interface. This difference has a considerable
effect on the Q factor of the mode, which in the follow-
ing is always the » = 1 mode; henceforth we drop the
mode index. The conventional cavity has O™ = 4.3 x 102,
whereas the optimized (5 x 10) metamaterial cavity has
0 = 1.0 x 10° =240 O™, an enhancement of more than
2 orders of magnitude.

In Fig. 4(a) the acoustic energy density £ and the QO
factor of the optimized systems are plotted against the
number of unit cells N, across the channel. For N, = 2,
the optimized systems already outperform the reference
system for both metrics, and these performance metrics
increase monotonically with N,.. For Q, this relationship is
initially linear, whereas E grows quadratically. At higher
values of N, these increases taper off.

To illustrate the sensitivity of the optimized resonance
modes to the geometric parameters, we show in Fig. 4(b)
how the Q factor of the (5 x 10) metamaterial cavity mode
decreases when L, L,, and L3 deviate from their respective
optimized values. The greatest relative sensitivity is asso-
ciated with L;, where a 2% deviation from the optimum
(1.5 wm away from 86.3 pm) halves the Q factor of the
cavity. The greatest absolute sensitivity, however, is due
to L3, where a change of only 0.5 pm from the 13.58-um
optimum halves the Q factor of the cavity. Such sensitivity
imposes severe restrictions on fabrication tolerances if one
were to realize such a metamaterial device.

C. Streaming

To better understand the usefulness of the synchronized
metamaterial cavities for acoustophoresis, we study the
acoustic streaming field v, as this provides a lower bound
on the size of the particles that can be focused inside the
cavity. For this reason, the streaming field of the optimized

10.0 x10°
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L E;Lc/Ezu';

8.0 x10°
300

6.0 x10°
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FIG. 4. (a) Simulated Q factors and acoustic energy density
E relative to the all-solid reference system (superscript “ref”)
for increasing numbers of unit cells N, across the width of meta-
material regions with dy = 0.1 nm. (b) The normalized Q factor
Q/0™ of the N, = 5 cavity plotted against the relative deviation
of either Ly, L,, or L3 from the optimum.

(5 x 10) metamaterial cavity is compared with that of the
reference cavity. On the one hand, one would expect the
synchronized cavity to produce less streaming than the
reference cavity, since its boundary layers are consider-
ably weaker. On the other hand, the many corners along
the fluid-solid interface of the synchronized cavity tend to
amplify the streaming [15]. That the former effect domi-
nates is revealed in the last row of Table II, where it is seen
that, in terms of the classical Rayleigh streaming velocity
vy ! of Eq. (9b), the normalized streaming (v,)) / vy s
monotonically suppressed (nearly proportional to Ny_l) by
more than an order of magnitude when going from the ref-
erence cavity to the (10 x 20) metamaterial cavity. Such
a tenfold reduction in the streaming speed implies a +/10-
fold decrease in the critical radius a. from approximately
1 pm to approximately 300 nm, allowing significantly
smaller particles to be focused.

We note in Fig. 5 that the streaming field of the syn-
chronized metamaterial cavity is not only quantitatively
but also qualitatively different from that in the reference
cavity. Whereas the streaming field in the reference cavity
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FIG. 5. Streaming fields v, normalized by the Rayleigh
streaming speed v? M of Eq. (9b) inside (a) the reference cavity
with v5" = 8.3 um/s and (b) the synchronized (5 x 10) meta-
material cavity v5™' = 2.5 m/s. Both cases are actuated by do =
0.1 nm. See the associated COMSOL scripts in the Supplemental
Material [4].

is dominated by the conventional four large rolls filling the
entire cross section, the streaming field in the synchronized
cavity instead contains many smaller streaming vortices of
various shapes and sizes. This results in a less uniform
streaming pattern, but clearly with stronger suppression
of the streaming ((v;)) ~ 0.02 v? Y in the middle third of
the channel, —%Hﬂ <z< %Hﬂ, such that a,. decreases to
approximately 150 nm in this region.

D. Particle focusing

A remarkable addition to the discussion of the criti-
cal particle size a. is that the fluid pressure field p™
in the synchronized metamaterial device scales with
p{ef of the reference device and the Q factors, pi™ ~
Q™™ Oref) pl“’“f. This relation implies that the acoustic
radiation force F™ on a suspended particle is a fac-
tor (Q™™/Q°N2 ~ 4 x 10* larger in the synchronized
device than in the reference device for the same actu-
ation amplitude, as is shown in Table II. Consequently,
the focusing time t 0(17(Wﬂ)2/a2EfC [16], or ™
(Ot/Q™™)2 (n(W)? /a? ERr<T) is 4 x 10* times smaller in
the former device than in the latter for a given particle size,
corresponding to a reduction of more than 4 orders of mag-
nitude in focusing time. Alternatively, a particle 2 orders of

magnitude smaller, a™™ ~ 0.01a™f, will focus in the same

time in the metamaterial device as ™' does in the reference
device at the same actuation amplitude.

The dramatically improved nanoparticle acoustophore-
sis in the metamaterial device compared to the reference
device is illustrated in Fig. 6. Here, the acoustophoretic
velocity of 250-nm-radius nanoparticles increases by a fac-
tor of nearly 2 x 10*, from 7 to 130000 wm/s. Moreover,
whereas no focusing is observed in the reference device
even on the long time scale of 25000 ms, the 250-nm-
radius nanoparticles are focused in the metamaterial device
near the vertical pressure node in the channel center in
just about 3 ms. The acoustofluidic metamaterial device is
not only able to focus smaller particles than the reference
system, but the focusing is also very rapid.

V. EXTRUDING THE 2D MODEL TO A 3D MODEL

To check that the above results are not an artifact of
working with a 2D model, we take the 2D cross section of
Fig. 2 in the y-z plane and extrude it a length L along the
x axis to create a 3D model defined for —%L <x< %L.
We reduce the large number of mesh elements necessary
to obtain convergent 3D simulations in two ways: (1)
we study only the coarsest optimized metamaterial array
listed in Table II, namely (N, N.) = (2,4), and (2) we use
our recently published boundary-layer model BL25 [5], in
which the thin viscous boundary layer in the fluid (400
nm in water at 2 MHz) is taken into account analytically
by adding additional terms in the boundary conditions at
the fluid-solid interfaces, a procedure that circumvents the
computer-memory-demanding resolution of the boundary
layers.

The theory presented in Sec. 11 is the same as that used to
derive the BL25 model, but besides simplifying the treat-
ment of the viscous boundary layers, the acoustics in the
fluid of the BL25 model reduces to a Helmholtz equation
for the pressure p1, and v, is proportional to the gradient of
p1; see Egs. (17a) and (17¢) in Ref. [5]. This has the same
form as the analytical model in Eq. (16).

The boundary conditions presented in Sec. II are the
same in the 3D simulations, except for the BL25-model
conditions on the first-order fields at the fluid-solid inter-
face 9Qfl. In addition, we must also specify the boundary
conditions for all fields on the end boundaries BQeﬂnd,
E)Qzlnd, and 0Q7 for x = :I:%L. Here, we apply a sim-
ple clamping condition, where all motion is locked to zero
along x, and transverse motion in the y-z plane is free. All
these changes in boundary conditions for the 3D model are
summarized in Table III.

In Fig. 7 the results of a simulation of the 3D model
are shown using the same actuation amplitude dy = 0.1 as
in the 2D model listed in Table I. When comparing these
results obtained with the 3D extruded (2 x 4) metamaterial
with those listed in Table II for the 2D (2 x 4) metama-
terial, we find comparable results: f,>° = 2.043 74 MHz

res
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COMSOL simulation of the acoustophoretic trajectories of 250-nm-radius polystyrene nanoparticles (dots) with initial posi-

tions on a regular grid. (al) The reference device at # = 0 ms with initial velocities set equal to the local streaming velocity, represented

by colors from 0 (dark blue) to 7 wm/s ~

v? al (dark red). (a2) The same as panel (al) but at # = 25 000 ms, showing the individual

trajectories (lines) colored according to speed along the trajectories using the same color scheme. (b1) Same as panel (al) at # = 0 ms,

but for the metamaterial devices and with velocity colors from 0 (dark blue) to 0.13 m/s = 0.05 v,

Rayl

(dark red). (b2) The same as

panel (bl) but at # = 3 ms, showing the individual trajectories (lines) colored according to speed along the trajectories using the same
color scheme. Animated versions of the panels and associated COMSOL scripts are given in the Supplemental Material [4].

deviates by —0.2% from £;2° = 2.051 MHz, 0°° = 4.7 x
10* deviates by 9% from Q*° = 4.3 x 10*, and E'P =

0.37 MJ/m? deviates by 12% from E*?P = (.33 MJ/m )

TABLE IIl. Boundary conditions specific to the 3D model.

Field Boundary condition Boundary

The fluid-solid interface, Egs. (22), (23), (39) of Ref. [5]

Effective slip for v, n- Vp; = iwplvBt? Qf
Stress continuity for u; of -n = of
Effective slip for v, vy = vBE® Qf
Vertical end boundaries at x = :l:%L

Clamped p; and v, e.-Vp =0 Qf
Clamped u . U, =0 Qs Qmn
Free uy,,, u. aflyx = aflzx =0 Q;Ld, Qo
Clamped p, e, -Vpp=0 Qi
Clamped v, , U, =0 Qf,
Free vy, v, o5 =03, =0 Qo

Finally, we note from Fig. 6(b2) that the focusing

time for the 250-nm-radius polystyrene particles in the

2D (2 x 4) metamaterial can be estimated as T35y ~

mm 2D

T(5x10) Q(leO)/Q(2><4) (3 ms) x (10.4/4.3)> ~ 18 ms,
and for the 3D model we see in Fig. 7(d) that romSD

8 ms. These numbers are of the same order of ma(é?fi)tude,
and the difference between them is mainly due to the quali-
tative determination without a quantitative definition of the
two focusing times 7(5%;0) &~ 3 ms and 1555 ~ 8 ms.

The streaming flow pattern in the 3D case is similar
to that in the 2D case: the streaming flow in the axial x
direction is negligible, and the streaming flow in the cross-
sectional planes is suppressed as in the 2D case shown in
Fig. 5, such that the resulting acoustophoretic motion leads
to the observed nanoparticle focusing in the vertical x-z
plane.

Even though the extruded (2 x 4) metamaterial was not
optimized in the 3D model, we can conclude from this
foray into 3D modeling that the velocity-matching, or syn-
chronization, mechanism works equally well in the 3D
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Q= 4.7x10*

fres = 2.04 374 MHz
ErSs = 376 kJ/m?

NN

Q@bgf (MHz

FIG. 7. (a) The geometry of the 3D model showing the solid
(yellow), the two (2 x 4) metamaterials defined in Table II, the
lid, the fluid channel (blue), and the actuation surface (green).
(b) A semilog plot of the acoustic energy density E,. for a water-
filled channel embedded in the fused silica structure and actuated
by a uniform actuation amplitude dy = 0.1 nm, as in Table 1.
The black line is a Lorentzian line fit to the green simulation
points. The resonance frequency is f,2P = 2.043 74 MHz with
E™ = 0.37 MJ/m? and a Q factor of 4.7 x 10*. (¢) A uniform
distribution of 250-nm-radius polystyrene nanoparticles (dots) at
time ¢ = 0 ms, analogous to the 2D (5 x 10) metamaterial shown
in Fig. 6(b1). (d) The distribution of the focused particles at # = 8
ms, analogous to the 2D case in Fig. 6(b2). An animation of the
panels is given in the Supplemental Material [4].

model as in the 2D model, and that it leads to enhanced
Q factors in the 10*-10° range, to the ability to focus

nanoparticles, and to doing so on the millisecond time
scale.

VI. DISCUSSION

The fraction of acoustic energy stored inside the fluid
is U /U,. ~ 0.2 for the synchronized cavities. With the
bulk damping factors y &~ 2 x 107> and y*! ~ 6 x 1077,
the theoretical upper bound for Q should therefore be [17]

—— A~ 22 x 10°. (25)

In Table II we see that the cavities with a highly resolved
(small-unit-cell) metamaterial tend to approach this theo-
retical upper bound quite well, and we may thus conclude
that the fluid-solid matching, or synchronization, reli-
ably removes the dissipation associated with the viscous
boundary layers.

Looking ahead, if we speculate on how one may reduce
this dissipation even further and thus obtain still higher
O factors, it should theoretically be possible to construct
acoustic modes such that, at the whole-system resonance,
the acoustic wave inside the fluid channel has a half-
wavelength much longer than the fluid-channel width 1,
but still contains a pressure node. This would greatly
reduce the bulk dissipation within the fluid.

We note that with the proposed cavities it is more dif-
ficult to diminish the streaming velocities than it is to
increase the O factors. As mentioned earlier, we attribute
this to the many corners around the fluid channel [15],
even though these corners have been somewhat rounded to
avoid generating excessive streaming. One may therefore
attempt to construct a cavity with fewer convex corners,
or apply one of the methods proposed for suppression
of acoustic streaming in previous work, such as shape
optimization, inhomogeneous fluids, and counter-acting
electro-osmosis [7,18,19]. Clearly, there are many ways to
further suppress the remaining streaming.

With regard to how such synchronized cavities might
be fabricated, one possibility is to rely on drawing tow-
ers such as those used for the fabrication of photonic-
crystal optical fibers. We note that such drawing towers
are already designed to shape fused silica glass with fea-
ture length scales smaller than those considered in this
work [20]. Another possibility is to employ two-photon 3D
printing and fabricate the metamaterial structure directly.
This technique has recently been used to fabricate intricate
micro- and nanoscale structures in glass with feature sizes
much smaller than the minimum 5-pm scale encountered
in our analysis [21].

We expect such delicate manufacturing techniques to
have the added advantage of generating structures with
very high strength. This is useful, as we have calculated
the von Mises stress of our 2D metamaterial to peak at
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3.5 GPa, a value slightly higher than the 2.7-GPa flexural
strength of the fused silica flexures tested in Ref. [22].

The high acoustic energies achieved in this simulation
are associated with correspondingly high acoustic pres-
sure amplitudes (160 MPa in the 2D (5 x 10) metamaterial
device), which are likely to cause cavitation within the
fluid. At 1 MHz, a cavitation threshold of —26 MPa
has been demonstrated in ultrapure degassed water [23].
Even if the cavitation threshold is higher at 2 MHz under
fluid inertia, our proposed setup is likely to cause cav-
itation. This possibility serves as another demonstration
of the effect of wall-fluid synchronization in acoustoflu-
idic systems: cavitation may become a practical limitation
for using the proposed metamaterial device for fast and
efficient nanoparticle focusing. However, if cavitation is
indeed observed in acoustofluidic metamaterial devices,
such devices may be used as a tool to study the physics
of ultrasound-induced cavitation.

The metamaterial system analyzed in this study con-
stitutes an idealized proof-of-concept system. To develop
this idea into a functional device requires substantial effort
in designing a 3D system with actual transducers, elec-
trical wiring, mechanical clamping, and inlet and outlet
connectors to the microfluidic channel. All these aspects
introduce additional dissipation, which threatens to lower
the enhanced Q values of the metamaterial device. To meet
some of these challenges, we suggest the following solu-
tions. (1) Regarding the transducers, they could be chosen
as thin-film transducers, as these offer very low dissipation
[24,25]. (2) Regarding mechanical clamping and fluid con-
nectors, a device much longer than the acoustic wavelength
of the resonance mode could be envisioned, in which
only the middle third is actuated by one or more attached
thin-film transducers, and the two ends are clamped and
provided with the necessary fluid connectors. Since the
acoustic fields in acoustofluidics are known to decay on
the length scale of the acoustic wavelength away from
the actuation region [26], such a system would support an
active region in the middle region with very large acous-
tic amplitudes and nearly zero amplitudes near the channel
ends. As a result, the effect of mechanical clamping and
attachment of fluid connectors at the ends would be negli-
gible and would not lead to a significant contribution to the
otherwise low dissipation of the system. (3) Exactly how
to shape the metamaterial and where to place the thin-film
transducers in the active region goes beyond our simple
design of Fig. 7. This problem may be addressed using
topology optimization, which has previously been applied
to optimize microelectromechanical resonators [27].

VII. CONCLUSION

By using metamaterials in acoustofluidic systems, we
have demonstrated that, under ideal circumstances, it is

possible to dramatically reduce the acoustic boundary lay-
ers by synchronizing the motion of the fluid with that of
the adjacent solid walls. This in turn removes the vis-
cous friction near the fluid-solid interface and may also,
to a lesser extent, reduce the acoustic streaming. This
technique of using acoustic metamaterials to remove vis-
cous friction could help increase Q factors in a wider
range of microelectromechanical systems. Specifically for
acoustophoretic focusing of particles, synchronized meta-
material cavities may lead to a reduction of the critical
particle size for focusing of nanoparticles and to faster
focusing of nanoparticles compared with the current state
of the art using cavities in conventional materials. We
hope that this theoretical and numerical proof-of-concept
work, with its albeit idealized 2D and 3D modeling, will
inspire experimental efforts to fabricate such high-Q-factor
acoustofluidic devices.
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