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The acoustic fields and streaming in a confined fluid depend strongly on the viscous boundary layer
forming near the wall. The width of this layer is typically much smaller than the bulk length scale
set by the geometry or the acoustic wavelength, which makes direct numerical simulations chal-
lenging. Based on this separation in length scales, the classical theory of pressure acoustics is
extended by deriving a boundary condition for the acoustic pressure that takes viscous boundary-
layer effects fully into account. Using the same length-scale separation for the steady second-order
streaming, and combining it with time-averaged short-range products of first-order fields, the usual
limiting-velocity theory is replaced with an analytical slip-velocity condition on the long-range
streaming field at the wall. The derived boundary conditions are valid for oscillating cavities of
arbitrary shape and wall motion, as long as both the wall curvature and displacement amplitude are
sufficiently small. Finally, the theory is validated by comparison with direct numerical simulation
in two examples of two-dimensional water-filled cavities: The well-studied rectangular cavity with
prescribed wall actuation, and a more generic elliptical cavity embedded in an externally actuated

rectangular elastic glass block. © 2018 Acoustical Society of America.
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I. INTRODUCTION

The study of ultrasound effects in fluids in sub-millimeter
cavities and channels has intensified the past decade, as micro-
scale acoustofluidic devices are used increasingly in biology,
environmental and forensic sciences, and clinical diagnos-
tics."* Examples include cell synchronization,® enrichment of
prostate cancer cells in blood,* size-independent sorting of
cells,” manipulation of C. elegans.,® and single-cell patterning.’
Acoustics can also be used for non-contact microfluidic
trapping and particle enrichment®'® as well as acoustic
tweezing.!' 4

The two fundamental physical phenomena that enable
these microscale acoustofluidic applications are rooted in non-
linear acoustics. One fundamental phenomenon is the acoustic
radiation force, which tends to focus suspended particles in the
pressure nodes based on their acoustic contrast to the surround-
ing fluid.">*' The second fundamental phenomenon is the
acoustic streaming appearing as steady flow rolls which tend
to defocus suspended particles due to the Stokes drag.*>’
Because the acoustic radiation force scales with the volume of
the suspended particle, and the Stokes drag with its radius, the
former dominates for large particles and the latter for small.
For water at room temperature and 1 MHz ultrasound, the criti-
cal particle radius for the crossover between these two regimes
has been determined to be around 2 pm.?**°

So far, the vast majority of successful microscale acous-
tofluidics applications has been for large (above 2 um) par-
ticles, such as cells, whose dynamics is dominated by the
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well-characterized, robust acoustic radiation force, which
depends on the bulk properties of the acoustic field and
material parameters of the particles and the surrounding
fluid. However, there is a strong motivation to handle also
sub-micrometer particles such as bacteria, exosomes, and
viruses, for use in contemporary lab-on-a-chip-based diag-
nostics and biomedical research.”?°>? In contrast to large
particles, the dynamics of small (sub-micrometer) particles
is dominated by the drag force from the ill-characterized
acoustic streaming. To control the handling of such nanopar-
ticle suspensions, a deeper understanding of the often com-
plicated acoustic streaming is called for.

One important aspect of ultrasound acoustics is the large
velocity gradients in the sub-micrometer-thin viscous bound-
ary layer near rigid boundaries.”” The shear stress and the
Reynolds stress that build up in this region are responsible
for the viscous damping of the acoustic fields and for the
acoustic streaming, respectively. In water with kinematic
viscosity vy ~ 107%m?/s at the frequency f = (1/21)w ~ 1
MHz, the thickness 6 = \/21y/w of this boundary layer is
on the order of 500 nm, while the acoustic wavelength is
around 1.5mm. This three-orders-of-magnitude separation
of physically relevant length scales poses a severe challenge
for numerical simulations. To circumvent the problem of
resolving the thin boundary layer, we develop a theory were
analytical solutions for the boundary layers are used to for-
mulate boundary conditions for the pressure field and bulk
streaming field, which both varies on the much longer length
scale d > 0.

First, we extend the classical pressure acoustics theory
by formulating a boundary condition for the acoustic pres-
sure that includes the presence of the boundary layer, which

© 2018 Acoustical Society of America


https://doi.org/10.1121/1.5049579
mailto:bruus@fysik.dtu.dk
http://crossmark.crossref.org/dialog/?doi=10.1121/1.5049579&domain=pdf&date_stamp=2018-08-01

is otherwise neglected. Thus, our extended boundary condi-
tion takes into account important effect of the boundary
layer, such as increased viscous damping, shifts in resonance
frequencies, and shear stresses on the surrounding walls.

Second, we formulate a generalized slip-velocity bound-
ary condition for bulk acoustic streaming over curved oscillat-
ing surfaces. An important step in this direction was the
development of the limiting-velocity theory by Nyborg in
1958 for perpendicularly oscillating curved walls.*®> Later
modifications of this theory comprise modifications to the
analysis in curvilinear coordinates by Lee and Wang in
1989,34 and the treatment of oscillations in any direction for
flat walls by Vanneste and Biihler in 2011.%° Here, we extend
these theories to harmonic oscillations in any direction of an
arbitrarily shaped elastic wall, provided that both the radius of
curvature and the acoustic wavelength are much larger than
the boundary layer length-scale o, and that also the amplitude
of the perpendicular surface vibration is much smaller than o.

Notably, the theoretical description developed here
allows us to perform numerical simulations of the linear and
nonlinear acoustics in arbitrarily shaped liquid-filled cavities
embedded in oscillating elastic solids. Examples and valida-
tion of such simulations for two-dimensional (2D) systems
are presented in the final sections of this paper, while a study
of three-dimensional (3D) systems is work in progress to be
presented later.

Il. WALL MOTION AND PERTURBATION THEORY

We consider a fluid domain Q bounded by an elastic,
oscillating solid, see Fig. 1. All acoustic effects in the fluid
are generated by the fluid-solid interface that oscillates har-
monically around its equilibrium position, denoted sq or 0Q,
with an angular frequency w. The instantaneous position
s(so, ) at time 7 of this interface (the wall), is described by
the small complex displacement s (so)e ™,

s(so, 1) = so + s1(so) e . (1)

In contrast to Muller and Bruus,36 we do not study the tran-
sient phase leading to this steady oscillatory motion.

s(so,t) = so + s1(so,t)

Solid

FIG. 1. (Color online) Sketch of the interface between a fluid (light blue, Q)
and a curved, oscillating solid (dark gray) with instantaneous position s
(dark green line) and equilibrium position sy (black line, 9Q). The local cur-
vilinear coordinate system on the interface is given by the tangent vectors e
and e, and the normal vector e;. By a Helmholtz decomposition, the
first-order acoustic fluid velocity v; = v¢ 4+ v{ is written as the sum of a
long-range compressible part v{ (dark blue) extending into the bulk and a
short-range incompressible part v‘]3 (light red) with a decay length equal to
the boundary-layer width o. V(l) =o{0 + v‘fo is the Lagrangian velocity of
the interface (the wall).
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A. Fundamental conservation laws in acoustofluidics

The theory of acoustofluidics in Q is derived from the
conservation of the fluid mass and momentum density,

Op ==V - (pv), (2a)
d(pv) ==V [(pv)v] + V-, (2b)

where p is the mass density, v is the Eulerian fluid velocity,
and ¢ is the viscous stress tensor, given by

c=—-pl+r, (2¢)
t=n3(V-v)l + 1 Ver(V'v)Tf%(Vm)l .
(2d)

Here, p is the pressure and t is the viscous part of the stress
tensor given in terms of the bulk viscosity 7{, the dynamic
viscosity 1, the identity matrix |, and the superscript “T”
denoting matrix transpose. Thermal dissipation is neglected
throughout this work. We introduce the isentropic compress-
ibility x and speed of sound c,

1 8[)) 1
o=—(3") =—. 3)
0 Po <8p N POC%

as well as the small dimensionless damping coefficient I" in
terms of the viscosity ratio f3,

b
L= (f+ Dngono, f="1+

1
o3 “)

B. Perturbation expansion

The linear acoustic response of the system is propor-
tional to the displacement stimulus s;(so)e ", and the
resulting complex-valued quantities Q;(r)e " are called
first-order fields with subscript “1”. The physical time-
dependent quantity Q"™*(r, ) corresponding to Q is given
by the real part Q"™ (r, 1) = Re[Q, (r) e .

As the governing equations are nonlinear, we also encoun-
ter higher-order terms, and in the present work, we include
terms to second order in the stimulus. Moreover, since we are
only interested in the steady part of these second-order fields,
we let in the following the subscript “2” denote a time-
averaged  quantity,  written as  Q(r) = (Qx(r,1))
= (0/2n) [} /% 0y (r,t)dr. Time-averages of products of
time-harmonic complex-valued first-order fields A; and B, are
also of second order, and for those we have
(A1B1) = $Re[A;(r)B;i(r)], where the asterisk denote com-
plex conjugation.

Using this notation for the fluid, we expand the mass
density p, the pressure p, and the velocity v in perturbation
series of the form

p = po+ pi(r)e ™ + py(r), (5a)
p = po+pi(r)e” + pa(r), (5b)
v=0+v(re " +v(r), (5¢)
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where p; < pg, p1 = cip; < c3py, and |v;| < co. The sub-
scripts 1 and 2 denote the order in the small acoustic Mach
number Ma = (1/c¢)|v]|, which itself is proportional to s;.

C. No-slip boundary condition at the wall

To characterize the wall motion, we compute the time
derivative of s(so, 7) in Eq. (1),

Dis(s0,1) = —iws; (so) e " = V(s) e ", (6)

where VI(so) = —iws; (so) is the Lagrangian velocity of the
wall surface element with equilibrium position sy and instan-
taneous position s. The no-slip boundary condition on the
Eulerian fluid velocity v(r, 7) is imposed at the instantaneous
surface position s(7),>>=’

v(so+sie 1) =VY(so)e ', no-slip condition. (7)
Combining Eqgs. (5¢) and (7) with the Taylor expansion

vi(So + 81,1) ~ vi(s)e " +((s1 - V)v1)|,,, and collecting
the terms order by order, gives

50°

v (s0) = Vi(s0),

va(s0) = —((s1- V)v1)ly,

1st—order condition, (8a)

2nd—order condition.  (8b)

Note that the expansion, or Stokes drift, in Eq. (8b) is valid,
if the length scale over which v; varies is much larger than
|s1]. So we require [s;| < d and [s;¢| < 6.

D. The limit of weakly curved, thin boundary layers

The crux of our work is the analytical treatment of
weakly curved, thin viscous boundary layers. This notion is
quantified using the boundary-layer length scale ¢ and the
compressional length scale d,

52\/%, d =min{k,", R}, 9)

where d is the minimum of the wavelength scale k! = co/w
and the length scale R over which the surface curves. We
express our subsequent analysis to lowest order in ¢, defined
as the ratio of these length scales,

b
=2« 1
e=_ <1, (10)

where the inequality holds in the limit of weakly curved
(0/R < 1), thin boundary layers (ko0 < 1), a condition usu-
ally satisfied in microfluidic devices.

E. Local boundary-layer coordinates

The limit € < 1 allows for drastic simplifications of the
otherwise complex analytical expressions for curvilinear
derivatives of fields inside the boundary layers at distances
of order ¢ or smaller from the wall. To see this, we introduce
the local, right-handed, orthogonal, curvilinear coordinate
system with coordinates ¢, 7, and {. The latter measures dis-
tance away from the surface equilibrium position along the
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surface unit normal vector e;, while the tangential coordi-
nates £ and 7 increase in the respective directions of the unit
tangent vectors e¢ and e, but not necessarily measuring arc
length, see Fig. 1. To make the scale R of the curved surface
explicit, we use the vectorial notation for curvilinear deriva-
tives and introduce the differential-geometric symbols
employed in previous boundary-layer analyses in the
literature,33’34

hi = 0|, Tyi= (5kej) -e;, fori,jk=¢,n,¢,

- 1 -
a,-_h—ia,-, He = Tai = Ok {; logh,-]. (11)

Note that this is not covariant formulation, see Appendix A for
details on the differential geometry. Because { measures arc
length, we have /iy = 1 and consequently g)g = 0. The surface
length scale can now be defined as R ~ min{T;/, H 'Y,
which in many situations is comparable with the surface curva-
ture radius.

F. Surface fields, boundary-layer fields, and bulk fields

For e < 1, we may separate any field A inside the
boundary layer in the perpendicular coordinate (,

A&, 0) =A°(En)a(0),

Here, superscript “0” defines a surface field A°(&, 1)
= A(&,1,0), such as the wall velocity V9 and the fluid veloc-
ity v° at the equilibrium position sq of the wall. Note that
a surface field does not have a perpendicular derivative,
although it does have a perpendicular component. This coor-
dinate separation results in the following expressions in
vectorial notation for the divergence (A6) and advective
derivative (A8) involving surface fields:

(=soxd. (12)

VA" =V, A + HAD, (13a)
(A°-V)B® = A - (VB)) e; + A}B)Tysie;, (13b)
AH =Aze: + A, ey, (13c¢)
V| = e:0: + e,0y, (13d)

where subscript denotes tangential components. See
Appendix A for supplemental details.

Importantly, for fluid fields, we distinguish between
bulk fields A? that extend into the bulk with spatial variation
on the compressional length scale d and that are typically
found by numerical simulation, and boundary-layer fields A°
that decays to zero away from the wall at the boundary-layer
length scale 0, as sketched in Fig. 1,

“||”

A =A% (& )d®((), with a®({)—0 for §—>oo. (14)

This specific property makes it possible to obtain analytical
solutions for the boundary-layer fields A°, because the
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surface-derivative quantities VH’ Ty, and ‘Hy, all of size d -1
are a factor of ¢ smaller than the perpendicular derivative O;
of size 5, so they can be neglected. To lowest order in €, as
detailed further at the end of Appendix A, the curvilinear
derivatives of scalar and vector boundary-layer fields thus
simplify to

v2g(5 ~ 6§g(5, (15a)
V?A® ~ A%02a(() = 02A°, (15b)
V-A° ~ V) - Af + OAL (15¢)

With Egs. (13) and (15), we have established to leading
order in e the expressions in vectorial form for the curvilin-
ear derivatives in the boundary layer necessary for the subse-
quent analytical treatment of the boundary layer. In
summary, the length-scale conditions for our theory to be
valid, in particular Egs. (8) and (15), are

s<d, syl <d, |sie] <. (16)

lll. FIRST-ORDER TIME-HARMONIC FIELDS

Returning to the perturbation expansion (5), we write
the first-order part of the governing equations (2),

p1=ciprs (17a)
—iwKxgp; = =V - vy, (17b)
—iwpyv; = =V[p1 — PV - vi] + 1y V2o, (17¢)

we make a standard Helmholtz decomposition of the veloc-
ity field vy,21+333437

where V x v/ =0 and V- v{ =0,
(18)

d | a0
v = v + v,

and insert it into Eq. (17). We separate the equations in sole-
noidal and irrotational parts and find

iwrep; = V-0, (19a)
—impyv! =V -6 = —(1 —il)Vpy, (19b)
—iwpyv] =V -6? =, Vv, (19¢)

From this, we derive Helmholtz equations for the bulk fields
p1 and v‘f as well as for the boundary-layer field v9,

r
Vep) + kfpl =0, where k. = (1 + i§> ko, (20a)
V2l + ol =0, (20b)
. . 14i
V200 4+ k2v) =0, where k, = ;L L (20c)

Here, we have introduced the compressional wavenumber £,
in terms of I" defined in Eq. (4) and ko = w/cy, and the shear
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wave number kg in terms of 0. Note that I' is of second
order in €,
1+

F:T(k05)2~62<<1. Q1)

From Eq. (19b) follows that the long-range velocity v‘f
is a potential flow proportional to Vp;, and as such it is the
acoustic velocity of pressure acoustics. The short-range
velocity v‘f is confined to the thin boundary layer of width ¢
close to the surface, and therefore it is typically not observed
in experiments and is ignored in classical pressure acoustics.
In the following we derive an analytic solution for the
boundary-layer field v(ls, which is used to determine a bound-
ary condition for p;. In this way, the viscous effects from the
boundary layer are taken into account in computations of the
long-range pressure-acoustic fields p; and v‘f.

A. Analytical form of the first-order boundary-layer
field

By using Eq. (15b), the analytical solution v? to Eq. (20c)
is found to be

v = v’(&,n) et + O(e), (22a)
which describes a shear wave heavily damped over a single
wave length, as it travels away from the surface with speed
Cow = W0 K ¢p. To satisfy the boundary condition (8a), we
impose the following condition for v* at the equilibrium
position s¢ of the wall,
o =V of

first—order no—slip condition.  (22b)

B. Boundary condition for the first-order pressure
field

We now derive a boundary condition for the first-order
pressure field p;, which takes the viscous boundary layer
effects into account without explicit reference to wv;. First,
it is important to note that the incompressibility condition
V- v{ =0 used on Eq. (22a) leads to a small perpendicular
short-range velocity at so,

P V.

Ul; -

- W =V V)=V (23)

ks ks

Because k'~ and V-v{®~d!, we find that [0
~ €|vy| < |v1]. We repeatedly exploit this relation to neglect
terms with v‘f? in the following analyses to lowest order in €.
Using the no-slip condition (22b), the boundary condition on
the long-range velocity becomes

v} =V —of? (24a)
_ 0 ! 0 i d0
- (X/M—k—sv-‘/1>Jrk—sv-v1 (24b)
0 1 0 i a0
~<V1z el 'V1> Vi (240)
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where the last step is written for later convenience using
(/Y - (o = V) = (/)W) - (o — Vi) — (i /st
from Egs. (13a) and (22b) and using that vl ~ e|vl| ThlS
boundary condition involves the usual expression V used
in classical pressure acoustics plus an O(e)- correctlon term
proportional to k; !, due to the parallel divergence of fluid
velocity inside the boundary layer that forces a fluid flow
perpendicular to the surface to fulfil the incompressibility of
the short-range velocity 'v‘ls. Note that this correction term is
generated partly by the external wall motion — (i / ks )V” VY I
and partly by the fluid motion itself (i/k)V - ’UIH Hence,
the wall can affect the long-range fields either by a perpen-
dicular component V or by a parallel divergence VH (I)H
The correction term ( /k)V) - le due to the fluid motion
itself gives the boundary-layer damping of the acoustic
energy, see Sec. [V.

Finally, we write Eq. (24b) in terms of the pressure p;
using V- v =V .o — acvlg and Eq. (19),

) 0 0 i, 2
‘pL = Vi ——V ——(k
Op1 = 1—F( i V) i (kepr £ 9p1),

boundary condition at sg. (25)

C. Boundary condition for the first-order stress

The boundary condition for the first-order stress o - e;
on the surrounding wall is found using Egs. (2¢) and (2d). In
the viscous stress T, the divergence terms are neglected,
because (19a) leads to |,V - v{| = nywrop1 ~ Ip) < p1.
The remaining part of t; is dominated by the term r/()agv‘f,
and we obtain 61 e; = —pie; + 1,0; 'v‘l3 at so. Here, we
insert 8@1 1k 'u from Eq. (22a), and use Egs. (19b) and
(22b) to express 6, - e; in terms of the long-range pressure

p1 and wall velocity V9 to lowest order in I ~ (kod)?,

) i
Gy - e; = —pre; + kg, (V? + wp()Vm),
boundary condition at sg. (26)

This is the usual pressure condition plus a correction term of
order ¢ due to the viscous shear stress 1,0;v from the
boundary layer.

Equations (20), (24), (25), and (26) constitute our main
theoretical result for the first-order acoustic fields.
Remarkably, explicit reference to the curvilinear quantities
are absent in these equations, only the notion of perpendicu-
lar and tangential directions and components are important.
In the numerical implementation of them in Sec. VII, we use
Cartesian coordinates.

IV. ACOUSTIC POWER LOSS

From the pressure p;, we derive an expression for the
acoustic power loss solely in terms of long-range fields. We
introduce the energy density E¢. and the energy-flux density
S¢ of the long-range acoustic fields,

Ed(r [Re(p emior)]® ¢

%|Re(v‘fe_i“”)|2, (27a)
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SZC (r, t) _ Re(ple—iwr) Re(vile—iwt)’ (27b)
with the time averages

(E) = Kolp1| + polvll (28a)

(Sic) = (o) = cpprvi). (28b)
In terms of real-valued physical quantities, Eqs. (19a)
and (19b) become koORe(pje ') = -V Re(vfe ") and
poORe(vie ) = —V-Re[(l —il)pje ]. Taking the

scalar product of Re(v{e~!) with the latter leads to expres-
sions for the time derlvatlve OE?. and its time-averaged

value (O,E%), which is zero due to the harmonic time
dependence,
Oy = =V - Sy = Tpgw[Re(vfe )], (292)

1
—V - (Si) = 5 Topglvil.

5 (29b)

The latter expression describes the local balance between the
convergence of energy-flux density (S;"’C> and the rate of
change of acoustic energy due to the combined effect of vis-
cous dissipation and viscous energy flux. See Appendix B
for a more detailed discussion of this point. Integrating Eq.
(29b) over the entire fluid domain Q, and using Gauss’s theo-
rem with the {-direction pointing into €, leads to the global
balance of energy rates,

1
Lg@lvfg>dA = JQ Erpow|uf I*dv. (30)

This general result reduces to that of classical pressure
acoustics only in the special case where v VO As seen
from Eq. (24c), v] ¢ 1s generated partly externally by the wall
motion, and partly internally by the fluid motion. Inserting
Eq. (24c) into Eq. (30), and separating wall-velocity terms
from fluid-velocity terms gives

o 1 0
ful (1172 o
1 i
= Lél"pow|v‘11|2 dv — ii;m<p1 (k—V . 'Uf(l)) > dA.

€29

Here, the left-hand side represents the acoustic power
gain due to the wall motion, while the right-hand side
represents the acoustic power loss (P{ ) due to the fluid
motion. Integrating the last term by parts and using that
$oa Vi - (Prl(i/ks )le]) = 0 for any closed surface, we can
by Eq. (19b) rewrite (P ) to lowest order in I as

1 d I 0 d0|2
5 <P10ss> = ngp()h)l' dv+§ 4p0|v1H‘ dA7 (32)

which is always positive. The quality factor Q of an acoustic
cavity resonator can be calculated from the long-range fields
(EZ) in Eq. (28a) and (P{ ) in Eq. (32) as
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|, @t av
C="

d
5 <Ploss>

, atresonance. (33)

We emphasize that in general, (P)os) is not identical to the
viscous heat generation (P3%%) = [, (Vv : 1) dV, although

as discussed in Appendix B, these might be approximately
equal in many common situations.”®

V. SECOND-ORDER STREAMING FIELDS

As specified in Sec. IIB, we only consider the time-
averaged streaming and not time-dependent streaming as done
by Muller and Bruus.*® For notational simplicity, we therefore
drop the angled bracket (-) from the time-averaged velocity
v,, pressure p,, and stress 6,. The streaming v, is governed by
the time-averaged part of Eq. (2) to second order in
Ma = (1/co)|v1], together with the boundary condition (8b),

0=V-(pyv2 + (pv1)), forreQ, (34a)
0=V-06,—p,V-{(vjvy), forreQ, (34b)
0=uv,+ ((s;-V)vy), atso. (34c¢)

For the given first-order fields p; and v, this is a linear
Stokes flow problem for v, and o,. We decompose the
problem into one part driven by the long-range source terms,
V- {p;v?) in Eq. (34a) and p,V- (v¥v?) in Eq. (34b),
and another part driven by the short-range source terms
V- (p;v9) and p,V - (v + vv?! + v{v?). The correspond-
ing responses are long-range bulk fields “d” and short-range
boundary-layer fields “9,”

vy = v + 03, (352)
p2 = ph +p3, (35)
6, =0 + ci, (35¢)
vy’ =~ — ((s1 - V)u), atso. (350

Given the boundary conditions Egs. (35d) and (36d), this
length-scale-based decomposition of the linear Stokes prob-
lem is unique, see Egs. (36) and (48), but in contrast to the
first-order decomposition (18), it is not a Helmholtz decom-
position. Nevertheless, the computational strategy remains
the same: we find analytical solutions to the short-range o-
fields, and from this we derive boundary conditions for the
long-range d-fields.

Note that our method to calculate the steady second-order
fields differs from the standard method of matching “inner”
boundary-layer solutions with “outer” bulk solutions.*>> Our
short- and long-range fields co-exist in the boundary layer, but
are related by imposing boundary conditions at .

A. Short-range boundary-layer streaming

The short-range part of Eq. (34) consists of all terms
containing at least one short-range J-field,
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0=V (pgv5 + (p127)), (36a)
0=—pV - (30 + viv + vivd) + V-6, (36b)
V63 = V(=p + oV - v3) + 0y V05, (36¢)
where v5 — 0as{ — oc. (36d)

Notably, condition (36d) leads to a nonzero short-range
streaming velocity vgo at the wall, which, due to the full
velocity boundary condition (34c), in turn implies a slip con-
dition v{° (35d) on the long-range streaming velocity.

First, we investigate the scaling of pg by taking the
divergence of Eq. (36b) and using Eqs. (36a) and (36¢)
together with V - v¢ = 0 and Eq. (19),

V) = —w(1+ B)V*(v) - Vp,)

—poV- (V ({0l 4+ vl + v‘fv‘f>) (37a)
= —pol' V(0] - (iv])) + 2poky (] - vf)
- p0<V(2v‘{ ) (Vv(f)T>. (37b)

Recalling from Eq. (23) that |v‘138| ~ 0d vy, we find
lpo(Vo?) = (Vo)T| ~ (8d) ™" pyv? which is the largest possi-
ble scaling of the right-hand side. Since by definition p is a
boundary-layer field, we have |V2pg| ~ 5_2pg, and the scal-
ing of |p3| becomes

P3| = epout. (38)

Thus, Vpg~ can be neglected in the parallel component of
Eq. (36b), but not necessarily in the perpendicular
one. Similarly, in Eq. (36c) we have V(Bn,V-v3)
= —BuyV(v} - Vp,) which scales as frod~2(v?/co) and thus
much smaller than |1, V23| ~ 150 2(v}/co).

Henceforth, using the approximation (15b) for the
boundary-layer field 'vg in Eq. (36b), we obtain the parallel
equation to lowest order in ¢,

uocr)gvg” = [V (v + viv] + v?v‘f}} ; (39a)
Combining this with Eq. (36a), and using Egs. (15c¢) and
(18), leads to an equation for the perpendicular component
vgg of the short-range streaming velocity,

. 1 .
O3 ==V vy — P (v]-Vpy). (39b)
0

To determine the analytical solution for ’UgH in Eq. (39a), we
Taylor-expand 'u‘li to first order in { in the boundary layer,
and we use the solution (22a) for v‘f,

vf = o’ + (90" ¢,

for { < d, (40a)

v? = v‘?o q(0), with g(¢) = e, (40b)
With these expressions, Eq. (39a) becomes
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w2y = {V - () 1] + (o] (974
+ 1] + [0 0[]

Holalfola)) } (1)

In general, the divergence V - (AB;) of the time-averaged
outer product of two first-order fields of the form A,

= (&) a(l) and By = BY(E,n) b(0). is
V- ([41a] [BYb])

1 *
= Re{V - [(a%) (B%) |} (422)
- %Re{V - [(ab*) (4280} (42b)
:%Re{ab*V (A9BY") +A)(BY-V)(ab")}  (42¢)
1
_ ERe{ab*v - (A°%B%) +A?B?z(‘35(ab*)}. (42d)

When solving for U2H in Eq. (41), we must integrate such
divergences twice and then evaluate the result at the surface
{=0. The result is

J ZdCzJCchl V- | (4fa() (Bp(c)’|

=0

1
= SRe{15V - (A0BY) + 1) A%BY: }. (30)
where we have defined the integrals Ig;,) as
{
Iy = | 46 alt) b(&) o, (43b)
2) { & .
1) = [[a | atra@ @yl 430
3) ¢ 3 e .
I, = dC3J dCzJ dfy a(Cy) b(&) o (43d)

We choose all integration constants to be zero to fulfil the
condition (36d) at infinity. From Eq. (41) we see that the
functions a({) and b({) in our case are either ¢({), {, or
unity. By straightforward integration, we find in increasing
order of 9,

1 1+1
(1) (1 _
Igq __55’ Lo 2 %
1 1 1
2) 2 (2) 2 (1) _ 2
Iqq 1(5 , Iq1 _55 , qu ——55 ,
1 1—1 1—1
(3) 3 (3) 3 2) 3
Iqq__gé’ Ifll_ 4 07, 1615__ 2 g
(43e)

Using Eq. (43) we find vgﬁ by integration of Eq. (41) to lead-
ing order in e,
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vgﬁ = —Re{l( V. (v‘fov‘fo*)

+I<1)V- ('v‘]sov‘lio*> —|—I(2)V (v‘llov‘l’o*)
60* + I( ) dO 00* + 1( ) 60 0%

Uit

+H P00 f{j}H. (44)

+1<>

We have neglected the term (1 /2V0)Re{1 (8 vl)ovf(:*} as

v‘f? ~ e|v1H\ due to Eq. (23), and the two terms proportional

to I() and I()

qt
1511) v‘fov‘i’?* may scale with an extra factor e~

all other terms, and thus may dominate the boundary-layer
velocity. However, in the computation of the long-range slip
velocity UZII in Sec. VB, its contribution is canceled by the
Stokes drift (sl Vv,), as also noted in Ref. 35. Using
v = V9 — 20, the property (I))" =1, and rearranging
terms, we arrive at

1
vgﬂ = Re{ (1( ) _ 2Rel? >)V (’ufov‘l)o*)
—i—I(,)V- (o) + 12V - (V9u)

+ < 1D _ 2Res! )) 50 a?* _|_[( >V(1) ?2*

as these are ~d°. Remarkably, the term

! compared to

PV + 1 o0, vd*} : (45)
H

The perpendicular short-range velocity component v2 is
found by 1ntegrat1ng Eq. (39b) with respect to (. The integra-
tion of the V), UZH-term is carried out by simply increasing
the superscrlpt of the I (n )—mtegrals in Eq. (45) from “(n)” to
“(n+1),” while the 1ntegration of the Vp,-term is carried
out by using Eq. (19b) to substitute (1/py)Vp; by iwcy? vf
and mtroducmg the suitable /,; -integral for the factor q(( )1,
namely, I( ) = —1I<

0 3 3) 30, 00%
vz(: Z—VOVH -Re{ (If];) —2Rel )V (vlovlo )
+15)v. (vf‘)v?*) +10)v. (V?vf‘)*)
+ (153) - 2Re1§j>) o0 12 VoY
OOV 1000, ‘{’j}
I
k
+20 Re{l]( ) ¢l30 5110*} (46)
Co

Using Eq. (43e), expressions (45) and (46) for the short-
range streaming at the surface { =0 become

1 1
ol * . 0 *
v| = —wRe{§V~ (v‘l’ov‘l’o ) +1iV - (vloV? )
5 1
—iv.- (v‘fv;’(’*) + bvf%(;f*

11— L4+1 50004
- 5 1 1[ - 5 U?OV(IJ{}l

10300, vd*

(47a)
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and

00 00 OO*
Uzl———Re|:5|~{— v ( 1 )

1—i : 1 :
+_lv.(vaovo*)+ JHV (Vov?o*)

1 % 50* 0,00+ i 00
gt =SV Vi
—(1 —i)ufoagu‘,’g} — k(1 —i)v0. v‘,")*] (47b)
1 *
B. Long-range bulk streaming
The long-range part of Eq. (34) is
0=V [pgvs + (pyvi)], (48)
0=—p,V - (viv!) +V. oo, (48Db)
Vo6 = =V(p3 — gV - vg) + 1o V7vs, (48¢)
vl = —v3® — ((s; - V)uvy), atso. (484d)

In contrast to the limiting-velocity matching at the outer
edge of the boundary layer done by Nyborg,*® we define the
boundary condition (48d) on the long-range streaming v9 at
the equilibrium position sy.

To simplify Eq. (48), we investigate the products of
first-order fields. In Eq. (48a), we use Eq. (29b) and find

V- (pv! V- (sd ki
V.,UL21:_ <p11]1>:_ < 2dC>_1" O|’Ul‘ . (49)
Po PoCoH 2¢g
Since each term in V.o scales as (ko/co)|v?|’

> (I'/2)(ko/co) [v¢|*, we conclude that V - v¢ ~ 0 is a good
approximation, corresponding to ignoring the small viscous
dissipation in the energy balance expressed by Eq. (29b). In
Eq. (48b), the divergence of momentum flux can be rewritten
using Eq. (19b),

r
poV - (vifv) = —V(LL) — 7 (k). (50)
0

where we introduced the long-range time-averaged acoustic
Lagrangian density,

(L) =

Note that |V(LL)| ~ wp?/pocd, whereas |(Tw/c3)(SL)]|
~ Twp?/(pycy), so the first term in Eq. (50) is much larger
than the second term. However, as also noted by Riaud
et al.,*® since the first term is a gradient, it cannot drive any
rotating streaming. In practice, it is therefore advantageous
to work with the excess pressure pd — <£§C). Finally, in Eq.
(48c), we again use V - v”zl ~ (0. With these considerations,
Eqgs. (48) become those of an incompressible Stokes flow

1 2 1 2
2 olpil” =3 polviI* (51)
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driven by the body force (F'w/c3)(S
v4° at the boundary,

9} and the slip velocity

0 = V . ’Ug7 (52a)
T'w

0= —V|pd — (Lh)| +noV2od + =5 (S%),  (520)
0

03" = —v — ((s1 - V)v1) —- (52¢)

These equations describe acoustic streaming in general. The
classical Eckart streaming®® originates from the body force
(Tw/c3)(S%), while the classical Rayleigh streaming
due to the boundary condition (52c).

The Stokes drift (s; - Vvy)|,_,, induced by the oscillat-
ing wall, is computed from Egs. (6), (18), and (22a),

(s1 'V”1>|g:0
1 :
- __'R ['VO*-V( 4, .00 )}
% e|iV] v] +v1q o
1 S 1+i ;
= —%Re{iV?* -V(v‘f—i—v?o) - ;_1 12V }
(53)

From this, combined with Eqs. (47) and (52c), follows the
boundary condition v20 for the long-range streaming velocity
v¢ expressed in terms of the short-range velocity v5° and the

wall velocity VY. The parallel component is
1 1 ;
'u‘ziﬁ = — %Re{V . (2 v0v0" 4 iv‘fOV?* - iV(])va*>

1
00 .00%
+ 5V U

0

—ivi. V(v‘f + Uf()) } ,
[

.00 dx
— 17 a:UlC 5 101¢

(54a)

where the large terms proportional to [(1 +1)/ E}VO*UIH can-
celed out, as also noted by Vanneste and Biihler.* Similarly,
the perpendicular component becomes

b ;
05! =5 -Re| —kg(1 —)v]" - 01" +V,
5 5 14i
. {v . {_ B Ry (¥ UfO*v?)]
1 (30*
+ 25 e +5V -(1- )(9171Z v0
S0s 1 oo :
—Sv‘fg V(l)} —&-%Re[lVﬂ) -V('v‘lj—l—v‘fo)
4o,
5 V?gv‘f‘)} (54b)
G
1 o) IT+1o0. 50
:%Re |:V . (I'UIHV ) — 5 Vlgvlc
+{1V‘1)* V(v‘f +v‘f°)} ] + O(e) (54c)
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Taking the divergences in Eq. (54a) and using Eq. (23), as
well as computing Eq. (54c) to lowest order in €, leads to the
final expression for the slip velocity at { =0,

= (A-ec)e: + (A-ey)e, + (B -e)e,

1 1
A——TR { 30 V(zv?O
2 :
+|: 21 . ()O*+1(V'VO* 8[1) ):| 150}7

B = 2—Re{1vdo* Vv‘li}, (55)

- iV?) — iV Vol

where A and B are associated with the parallel and perpen-
dicular components UZH and ’UZL, respectively, and where to
simplify we used (v| - V))VY; = (v - V)V and the rela-
tions Ty; =0, Ty;;=0, and T; =Tj; for the curvilinear
quantities, see Eq. (A3) in Appendix A.

Equations (52) and (55) constitute our main theoretical
result for the second-order acoustic streaming.

VI. SPECIAL CASES

In the following, we study some special cases of our
main results (20a) and (25) for the acoustic pressure p; and
Egs. (52) and (55) for the streaming velocity v‘z" , and relate
them to previous studies in the literature.

A. Wall oscillations restricted to the perpendicular
direction

The case of a weakly curved wall oscillating only in the
perpendicular direction was studied by Nyborg®® and later
refined by Lee and Wang.>* Using our notation, the bound-
ary conditions used in these studies were

U¢110 +v V0 V?,; e, (56)
whereby V- V9 = HCV&, so that our boundary condition
(25) for p; to lowest order in I becomes

. i i
Op1 = iwpg <1 - k_HC) Vi — © (kfpl + 3?191)- (57)

Similarly, for the steady streaming v4, Eq. (56) gives V - v{°

~ =V vff = (Vo = 90, — HVY,) evaluated at {=0.
Combining this expression with the derrvatrve rule (13b) and
the index notation & = and #§ = ¢, as well as o, f=¢, 1, the
boundary condition (55) gives to lowest order in ¢ the tangen-
tial components

1
L0 do d0s d0
2/3_—4—Re{v1a* (8 Ulﬁ) +ui, v 1/;Tg¢m

20V (B + 000 Ty ) + [ 2= DV -

—(2=30)0p0f; — Q+iHVY oty }. (58a)
and the perpendicular component
1
‘21? o Re{w],?* Bkvl } (58b)
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When comparing our expressions with the results of Lee
and Wang,** denoted by a superscript “LW” below, we note
the following. Neither the pressure p; nor the steady perpen-
dicular streaming velocity Uiy were studied by Lee and
Wang, so our results Egs. (57) and (58b) for these fields rep-
resent an extension of their work. The slip condition (58a)
for the parallel streaming velocity vgﬁ with f§ = &, 5 is pre-
sented in Egs. (19)*V and (20)*W as the limiting values u;
and v, for the two parallel components of v4 outside the
boundary layer. A direct comparison is obtained by (1) iden-
tifying our v¢ with the acoustic velocity (uao,vao,wao)LW,
and our Ty; with TjY; (2) taking the complex conjugate of
the argument of the real value in Eq. (58a), and (3) noting
that g, and ¢, defined in Egs. (3)Y and (4 equal the first
two terms of Eq. (58a). By inspection we find agreement,
except that Lee and Wang are missing the terms
21V (Ogv} + v Tyep), which in our calculation partly arise
from the Lagrangran velocity boundary condition (34c),
where Lee and Wang have used the no slip condition

= 0. For more details see Appendix C 1.

B. A flat wall oscillating in any direction

The case of a flat wall oscillating in any direction was
studied by Vanneste and Biihler.*> In this case, we adapt
Cartesian coordinates (&,1,{) = (x,y,z), for which all scale
factors h; are unity, 5:‘ = 0;, and all curvilinear quantities Ty
and 'H;. are zero. The resulting boundary conditions (25) and
(55) for the pressure p; and for the long-range streaming vg,
then simplify to

. 141/,
Opr = iwpeVy; — 75<1wPoV|\ VI K+ 3?171)7

(59a)
0‘212 = —iRe{(l — 2i)v8%* 9,08 U]ﬁ 4iv?%* 9,v v]ﬁ
+ [+ 0,00 +2i (0,00 - 0]
x o — 2i s Oy ﬁ} (59b)
U‘;g = —iRe{ 210,25}01 } (59¢)

The pressure condition (59a) was not studied in Ref. 35, so it
represents an extension of the existing theory. On the other
hand, Eqgs. (59b) and (59c) are in full agreement with Eq.
(4.14) in Vanneste and Biihler.?® To see this, we identify our
first- order symbols with those used in Ref. 35 as v¢ = 2V
and vl 1= 20 e — 2Vey, and we relate our steady Eulerian
second-order long-range velocity v with their Lagrangian
mean flow #" using the Stokes drift expression (34c) as vg
+(1/w)(iv{ - Voi) = u" at the interface z=0. For more

details see Appendix C2.

C. Small surface velocity compared to the bulk
velocity

At resonance in acoustic devices with a large resonator
quality factor Q > 1, the wall velocity V(1) is typically a
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factor O smaller than the bulk fluid velocity v{, 2536 \which is

written as V{ ~ 0~'v{ < v{. In this case, as well as for rigid
walls, we use V¥ = 0 in Eq. (55), so that v{* = —v% and

(o Vai) = (ot

Here, v{? is neglected because |v{?| ~ [V < |vf]
have used that V x 'v1 = 0 from Eq. (18). Hence for devices
with rigid walls V0 0, or resonant devices with

[v90] > |V, the slip- velocuy v4° becomes

8@‘,’2) v‘,’ﬁ } , (6la)

(61b)

1

Vo) ~ H|”1\| % (60)

vy = VH i

2-i d0x
—Re{ (mv . 'UlH +

UZL 0.
Two important limits are parallel acoustics, where [9;v¢,|
< |V - le| and perpendicular acoustics, where |0; dV|
> |V - le| In the first limit, the pressure is mainly related
to the parallel veloc1ty variations, and from Eqgs. (19a) and
(19b) we have V| - le = iwkop; and 'ul” = —(i/po@)V|p1.

For parallel acoustics we can therefore write Eq. (61a) as,

o8 =g V1 (200l = oloffI) +545%),
for parallel acoustics, \va‘fd < |VH 'u1”| (62a)
The classical period-doubled Rayleigh streaming,*> which

arises from a one-dimensional parallel standing wave, results
from the gradient-term in Eq. (62a). This is seen by consider-
ing a rigid wall in the x-y plane with a standing wave above
it in the x direction of the form 'u‘li = vy, cos(kox) e,, where
U1, 1s a velocity amplitude. Inserting this into Eq. (62a)
yields Rayleigh’s seminal boundary velocity v

= (3/8)(v2,/co) sin(2kox) e,. Another equally simple exam-
ple of parallel acoustics is the boundary condition generated
by a planar travelling wave of the form v‘{ = v e,
Here, only the energy-flux density <SdCH> in Eq. (62a) con-
tributes to the streaming velocity which becomes the con-
stant value U2H = (1/4)(v?,/co) ex.

The opposite limit is perpendicular acoustics, where the
pressure is mainly related to the perpendicular velocity var-
iations 9;v{, = iwikopy. In this limit, Bq. (61a) is given by a
single term

vgﬁ = —K0<SZC|\>7
for perpendicular acoustics, |8gv’f¢| > |V 'U01{T|)|~
(62b)

We emphasize that in these two limits, the only mechanism
that can induce a streaming slip velocity, which rotates par-
allel to the surface, is the energy-flux density (S’;C>. As seen
from Eq. (52b), this mechanism also governs the force den-
sity driving streaming in the bulk. In general, <S;’C> can drive
rotating streaming, if it has a nonzero curl. This we compute
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to lowest order in I" using Eq. (19b) and V x "’1 0, and
find it to be proportional to the acoustic angular momentum
density,

Vi (L) = ol x (o)) A=l @)

VIl. NUMERICAL MODELING IN COMSOL

In the following we implement our extended acoustic
pressure theory, Egs. (20a) and (25) for p;, and streaming the-
ory, Egs. (52) and (55) for 'ug and p,, in the commercial finite-
element-method (FEM) software comsoL MuLTIPHYSICS.*! We
compare these simulations with a full boundary-layer-resolved
model for the acoustics, Egs. (17) and (8a) for v, and p;, and
for the streaming, Eqs. (34) and (8b) for v, and p,. The full
model is based on our previous acoustofluidic modeling of
fluids-only systems*****? and solid-fluid systems.*

Remarkably, our extended (effective) acoustic pressure
model makes it possible to simulate acoustofluidic systems
not accessible to the brute-force method of the full model for
three reasons: (1) In the full model, the thin boundary layers
need to be resolved with a fine FEM mesh. This is not needed
in our effective model. (2) For the first-order acoustics, the
full model is based on the vector field v; and the scalar field
p1, whereas our effective model is only based on the scalar
field p,. (3) For the second-order streaming, the full equations
(34) contain large canceling terms, which have been removed
in the equations (52) used in the effective model. Therefore,
also in the bulk, the effective model can be computed on a
much coarser FEM mesh than the full model.

In Sec. VIII, we model a fluid domain Qg driven by
boundary conditions applied directly on 9Qy, and in Sec. IX,
we model a fluid domain Qy embedded in an elastic solid
domain € driven by boundary conditions applied on the
outer part of the solid boundary 9€);.

In comsoL, we specify user-defined equations and
boundary conditions in weak form using the PDE mathemat-
ics module, and we express all vector fields in Cartesian
coordinates (x, y, z). At the boundary 0Qy, the local right-
handed orthonormal basis {e;,e,,e:} is implemented using
the built-in comsoL tangent vectors t1 and t2 as well as the
normal vector n, all given in Cartesian coordinates
Boundary layer fields (superscript “0”), such as V9, v{, and
1;1 , are defined on the boundary Qg only, and their spatial
derivatives are computed using the built-in tangent-plane
derivative operator dtang. For example, in comsoL we call
the Cartesian components of v for vdx, vdy, and vdz
and compute V- v as dtang(vdX,x) + dtang(vdy,y)
+dtang(vdz, z). The models are implemented in comsoL
using the following two-step procedure.*®

Step (1), first-order fields:**** For a given frequency w,
the driving first-order boundary conditions for the system are
specified; the wall velocity V9 on 9Qq for the fluid-only
model, and the outer wall displacement u; on 0Q for the
solid-fluid model. Then, the first-order fields are solved; the
pressure p; in Qg using Egs. (20a) and (25), and, if included in
the model, the solid displacement u; in the solid domain Q.
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In particular, in comsoL we implement 92p; = (e; - V)’p; in
Eq.(2S) asnx*nx * plxx + 2« nx*ny * plxy +---.

Step (2), second-order fields:**** Time averages IRe{f*g}
are implemented using the built-in comsoL operator realdot
as 0.5 x realdot(£, g). Moreover, in the boundary condition
(55), the normal derivative of v‘fg in A is rewritten as 850‘11,;
=V.v? -V v =ikgwp) —V-v{ for computational
ease, and the advective derivatives in A and B, such as the
term  Re{v{" - Vv’}.e, in A-e,, are computed as
realdot(vdX, dtang(vdX, x)) + realdot(vdy,dtang
(vaX,y)) + realdot(vdZ,dtang(vdX,z)).

All numerics were carried out on a workstation, Dell Inc
Precision T3610 Intel Xeon CPU E5-1650 v2 at 3.50 GHz
with 128 GB RAM and 6 CPU cores.

Vill. EXAMPLE I: A RECTANGULAR CAVITY

We apply our theory to a long, straight channel along
the x axis with a rectangular cross section in the vertical y-z
plane, a system intensively studied in the literature both
theortaticetlly28’36’42 and experimentally.zs’45_47 We consider
the 2D rectangular fluid domain Qpn with —%W <y < %W
and —{H < z < JH, where the top and bottom walls at
z==* %H are stationary and the vertical side walls at

y = *1W oscillate with a given velocity V?yw(z)e’i“”

e, and
frequency f = w/2n close to ¢o/2W, thus exciting a half-
wave resonance in the y-direction. In the simulations we
choose the wall velocity to be V?y = dpw with a displace-
ment amplitude dyp = 0.1 nm. The material parameters used
in the model are shown in Table I.

We compare the results from the effective theory with
the full boundary-layer-resolved simulation developed by
Muller er al.*® Moreover, we derive analytical expressions
for the acoustic fields, using pressure acoustics and our
extended boundary condition (25), and for the streaming

boundary condition using Eq. (55).

A. First-order pressure

To leading order in € and assuming small variations in z,
Egs. (20a) and (25) in the fluid domain Qg become
v2p1 + k(2)P1 = 07

r e Qy, (64a)

TABLE I. Material parameters at 25 °C used in the numerical modeling pre-
sented in Secs. VIII and IX.

Water (Ref. 42)

Mass density Po 997.05 kgm™
Compressibility Ko 452 TPa '

Speed of sound Co 1496.7 ms!

Dynamic viscosity Mo 0.890 mPa s

Bulk viscosity 118 2.485 mPa s

Pyrex glass (Ref. 44)

Mass density Pyl 2230 kgm >
Speed of sound, longitudinal Clo 5592 ms!

Speed of sound, transverse Cir 3424 ms!

Solid damping coefficient Tq 0.001
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oyp1 = ia)pOV?yw(z), W, (64b)

- _,plz—kikgpl, = +_H. (64¢)

This problem is solved analytically by separation of varia-
bles, introducing k, and k, with kg + k? = k3 and choosing a
symmetric velocity envelope function w(z) = cos(k,z). The
solution is the pressure p; = Asin(kyy) cos(k.z), where A is
found from Eq. (64b),

iopyVy
pi(7) = —
ky cos <ky 3>

According to Eq. (64c¢), k, must satisfy

sin(kyy)cos(k.z). (65)

H
kg = iksk tan (k 3) : (66)

and using tan(k.H /2) = k.H/2 for k,H < 1, we obtain

0

B)
kf:—(1+i)ﬁk3, k§:[1+(1+i)ﬁ]k§. (67)

Note that the real part of k, becomes slightly larger than
ko since the presence of the boundary layers introduces a
small variation in the z direction. The half-wave reso-
nance that maximizes the amplitude of p; in Eq. (65) is
therefore found at a frequency fis slightly lower than
fo = C()/2W,

res

1 , B
fres = <1 - 2rbl> £, with Ty = E (68)

Here, we introduced the boundary-layer damping coefficient
[y that shifts frs away from f2 . This resonance shift arises
from the extended boundary condition (25) and is thus
beyond classical pressure acoustics.

Using f = fis in Eq. (65) and expanding to leading
order in I}, gives the resonance pressure and velocity,

0

e 4V1y{ o T -
—— = ————9 SIn -+ —— |1y cos
poco T () + - [iy cos(y)

—(1+ i)sin(y)]}Zm(E), (69a)
anes _ 4Vl { cos(5) — i sin(~)}Zf“(f) (69b)
ly nrbl y 2 y y 9

4ivY
dres nb (1 +1)sin(y) z, (69¢)

where  y=an(y/W),z=mn(z/W), and Z(Z)=1

+1 T (1 +i)72. Note that at resonance, the horizontal veloc-
ity component is amplified by a factor I’ g]l relative to the

Jacob S. Bach and Henrik Bruus



wall velocity, v‘ll;res ~ thllv’f;es ~ F};llV?y, while the horizon-
tal component is not.

In Fig. 2, we compare an effective (“Eff”) pressure-
acoustics simulation of p; solving Egs. (20a) and (25), with a
full pressure-velocity simulation of p; and v; from Eq. (17)

as in Muller and Bruus.?® The analytical results (“Ana”) for
res .dres d,res

P, vy, s and vy in Eq. (69) are also plotted along the line
y = %W in Figs. 2(a2), 2(b2), and 2(c2), respectively. The rel-
ative deviation between the full and effective fields outside
the boundary layer are less than 0.1% even though the latter
was obtained using only 5000 degrees of freedom (DoF) on
the coarse mesh compared to the 600000 DoF on the fine
mesh for the former. The effective model v‘f‘Eff gives the
boundary-layer velocity v‘f by Eq. (22), and thus by Eq. (18)
the complete velocity v; = v‘f_’Eff + v¢ (blue dots in Fig. 2).

To study the resonance behaviour of the acoustic reso-
nator further, we compute the space- and time-averaged
energy density (E;lc> stored in the acoustic field for frequen-
cies f close to the resonance frequency fis. Inserting
ky = (n/W)(1 + (i/2)Tw) + (27/co)(f — fres) into Eq. (65),
results in the Lorentzian line-shape for (E%),

(Fre) = (") + (R) =2(E2)

1
_WJJQH2KO<p1pl>dde (70a)

L. \VAVAVAVAVAVAVAVAVAVAV
OS]

Eff v,

-150  y [pm] 0 150

1 0?2
~ ?Po (Vly)

~ -
SORCY
L 1) +(=r
res 2bl

As shown in the graph of (E_ZC> in Fig. 3, there is full agree-
ment between the effective pressure-acoustics model, the
full pressure-velocity model, and the analytical model. In
this figure we also show the result obtained using classical
pressure acoustics (CPA, gray curves) with O:p; = icupOV?C
where we see that the boundary layer introduces both damp-
ing and shift of the resonance frequency. From the resonance
curve follows the maximum energy density at resonance,
(EL™Y = (EY (fies)). and the quality factor Q,

ac

(70b)

for f = fies.

2
~d.res _1 4V?y o 1 _H
<Eac > _Zp()(nFM ) Q_rbl_g- (71)

This is also in agreement with the Q-factor in Eq. (33),

1 res |2
2 J Lﬂ 2P0 |U1y |” dydz H
0= =% (72)

+W/2 1 5
ZJ —0po US| dy
w2 4 0l%1y

which was previously derived by Muller and Bruus36_ and
by Hahn et al.*® using the approximation P ~ PUY in
Eq. (33).
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FIG. 2. (Color online) First-order pressure and velocity fields in the vertical rectangular cross section of a long, straight channel of width W = 380 um and
height H = 160 um at resonance fi.s = 1.967 MHz and actuation velocity V?y = 27tfies X 0.1 nm. Color plots of the full (upper half) and effective (lower half)
model fields: (al) the pressure p; from —1 MPa (dark purple) to 1 MPa (light cyan) and the finite element mesh (gray), (b1) the horizontal velocity vy, from
0m/s (black) to 0.7 m/s (white), and (c1) the vertical velocity v;. from —1 mm/s (black) to 1 mm/s (white). Line plots [Full, Eff, and Ana = analytics from Eq.
(69)] at yg = %W for —1H <z < — %H + 76 (light gray dashed lines) of (a2) the relative pressure deviation p(yo,z)/p1(yo,0) — 1, (b2) the horizontal veloc-
ity v1y, and (c2) the vertical velocity v;.. Dots are the full velocity (18) v; = 'v‘f + 'u‘f with 'v‘lj from Eq. (22) and 'v‘f from either “Eff” (dark blue dots) or “Ana”
(light red dots). The insets are the corresponding plots along the entire line — %H <z< %H .
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FIG. 3. (Color online) Resonance curves for the rectangular channel. “Ana”
refers to the analytical result from Eq. (70b) and “CPA” refers to simulations

using classical pressure acoustics with the boundary condition d;p; = i(uV?:
at r € 0Q with different choices of bulk damping coefficient I".

B. Second-order streaming solution

For the full model at resonance fi.s, we solve Eq. (34),
while for the effective model we solve Eq. (52) with the
boundary condition on vg obtained by inserting the velocity
fields from Eq. (69) into Eq. (54). At the surfaces z = = %H ,
we find to lowest order in e,

)\’
ud(’—i< 1«") sin(25),

o 860 anl (733.)
1[4V

a0 _ — ly ~

v, = +(k05)_8c0 <—Tfrbl> [1+ 10cos(2y)]. (73b)

The resulting fields of the two models are shown in Fig. 4.
Again, we have good quantitative agreement between the
two numerical models, now better than 1% or 30, for 9000
DoF and 600 000 DoF, respectively.

Analytically, Eq. (73a) is the usual parallel-direction
boundary condition for the classical Rayleigh streaming,>?
while Eq. (73b) is beyond that, being the perpendicular-

0 yo =1 150

Streaming [mm/s]

o
—_
)
)
_l; 4
)
o))
Sl

FIG. 4. (Color online) Simulated second-order velocity for the rectangular
channel. (a) The full-model v, (above) and the effictive-model v‘zl (below).
(b) Line plots near the center of the dark blue half circle in (a) at yp = %W
for —{H <z < —1H +76.
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direction boundary condition on the streaming, which is a
factor kod ~ 3 x 1072 smaller than the parallel one. This is
confirmed in Fig. 4(b) showing the streaming velocity close
toz=—41Haty=1W.

IX. EXAMPLE II: A CURVED OSCILLATING CAVITY

Next, we implement in comsoL our boundary conditions
(25) and (55) in a system with a curved solid-fluid interface
that oscillates in any direction, as described in Sec. VII. We
consider an ellipsoidal fluid domain (water) of horizontal
major axis W = 380 um and vertical minor axis H = 160 yum
surrounded by a rectangular solid domain (Pyrex) of width
Wy = 680 um and height Hg = 460 um, see Fig. 5. We
actuate the solid at its bottom surface using a vertical veloc-
ity amplitude V2" = dyw sin (my/Wq) with dp = 0.1 nm and
at the resonance frequency fi.s = 2.222 MHz, which has

(2) 17777 T 7 72|~ B e
200 |

ey sy

z [pm]

—200 1

Normalized ©
< T
z 2 3
< 3
&.
1

ull Voy —— Full Vo, ——
Effvgy - = BEff vf, = =

-150 0 y [pm] 150

|
—_
L

FIG. 5. (Color online) Full (left) and effective (right) simulations for a
curved channel with fluid-solid coupling. (a) An elliptic fluid domain with
the acoustic pressure p; from —0.35 MPa (dark purple) to +0.35 MPa (light
cyan) and fluid velocity (green arrows, max 0.2m/s) surrounded by solid
Pyrex with a displacement field u (dark blue arrows) and displacement
magnitude |ug| from 0nm (black) to 2.7 nm (yellow). To be visible, the dis-
placement (dark blue line and dark blue arrows, max 2.7nm) is enhanced
10* times, except at the bottom (green line, max 0.1nm) where it is
enhanced 10° times. (b) Streaming velocity v, (light green arrows) and mag-
nitude from O um/s (black) to 7.8 um/s (light yellow). (c) Line plots along
the light ray dashed line in (a) and (b) of p; normalized by 0.35 MPa and v,
by 7.8 um/s.
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been determined numerically as in Fig. 3. The linear govern-
ing equations for the displacement field ug of the solid are
those used by Ley and Bruus,*®

V.04 = —pslwz(l +ilg)u, solid domain, (74a)
1

—ioug = V% (y)e., actuationatz = _EHSI’ (74b)

ng - 65 = 0, atsolid—air interfaces, (74¢)

ng - 64 = Hg - 61, atsolid—fluid interfaces, (74d)

where 6y = pycZ[Vug + (Vaug)'] + pg(cd —2¢2)(V - ug)l
is the stress tensor of the solid with mass density py, trans-
verse velocity ¢, longitudinal velocity cj,, and damping
coefficient Iy, while ng is the solid surface normal, and
ng - 61 = e; - oy is the fluid stress on the solid, Eq. (26). The
material parameter values are listed in Table I.

We solve numerically Egs. (20a) and (25) in first order
and Egs. (52) and (55) in second order. The results are
shown in Fig. 5, where we compare the simulation results
from the full boundary-layer resolved simulation of Eq. (34)
with the effective model. Even for this more complex and
realistic system consisting of an elastic solid with a curved
oscillating interface coupled to a viscous fluid, we obtain
good quantitative agreement between the two numerical
models, better than 1% for 600000 DoF and 9000 DoF,
respectively.

X. CONCLUSION

We have studied acoustic pressure and streaming in
curved elastic cavities having time-harmonic wall oscilla-
tions in any direction. Our analysis relies on the condition
that both the surface curvature and wall displacement are
sufficiently small as quantified in Eq. (16).

We have developed an extension of the conventional the-
ory of first-order pressure acoustics by including the viscous
effects of the thin viscous boundary layer. Based on this the-
ory, we have also derived a slip-velocity boundary condition
for the steady second-order acoustic streaming, which allows
for efficient computations of the resulting incompressible
Stokes flow.

The core of our theory is the decomposition of the first-
and second-order fields into long- and short-range fields
varying on the large bulk length scale d and the small
boundary-layer length scale o, respectively, see Eqs. (19) and
(35). In the physically relevant limits, this velocity decompo-
sition allows for analytical solutions of the boundary-layer
fields. We emphasize that in contrast to the conventional
second-order matching theory of inner solutions in the bound-
ary layer and outer solutions in the bulk, our long- and short-
range, second-order, time-averaged fields co-exist in the
boundary layer, but the latter die out exponentially beyond the
boundary layer leaving only the former in the bulk.

The main theoretical results of the extended pressure
acoustics in Sec. III are the boundary conditions (25) and
(26) for the pressure p; and the stress o - e; expressed in
terms of the pressure p; and the velocity V(1) of the wall.
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These boundary conditions are to be applied to the governing
Helmholtz equation (20a) for p;, and the gradient form (19b)
of the compressional acoustic velocity field 'u1 Furthermore,
in Sec. IV, we have used the extended pressure boundary
condition to derive an expression for the acoustic power loss
Pross, Eq. (32), and the quality factor Q, Eq. (33), for acoustic
resonances in terms of boundary-layer and bulk loss mecha-
nisms. The main results of the streaming theory in Sec. V
are the governing incompressible Stokes equation (52) for
the streaming velocity v¢ and the corresponding extended
boundary condition (55) for the streaming slip velocity vg(’.
In this context, we have developed a compact formalism
based on the Ié?—integrals of Eq. (43) to carry out with rela-
tive ease the integrations that lead to the analytical expres-
sion for vzo Last, in Sec. VI, we have applied our extended
pressure-acoustics theory to several special cases. We have
shown how it leads to predictions that goes beyond previous
theoretical results in the literature by Lord Rayleigh,*?
Nyborg,®>* Lee and Wang,** and Vanneste and Biihler,*
while it does agree in the appropriate limits with these
results.

The physical interpretation of our extended pressure
acoustics theory may be summarized as follows: The fluid
velocity v; is the sum of a compressible velocity v‘f and an
incompressible velocity 'v‘ls, where the latter dies out beyond
the boundary layer. In general, the tangential component
Vi = v +v}] of the no- slip condition at the wall induces
a tangentlal compression of v} due to the tangential compres-
sion of "’1 and VO. This in turn induces a perpendlcular veloc-
ity component U‘ due to the incompressibility of "’1 To fulfil
the perpendlcular no- shp condition V = 171 + v , the per-
pendicular component v 9 of the acoustlc ve1001ty must there-
fore match not just the wall velocity Vly, as in classwal
pressure acoustics, but the velocity dlfference VOV — vlS The
inclusion of Ulo takes into account the power dehvered to the
acoustic fields by the tangential wall motion, and the power
lost from the acoustic fields due to tangential fluid motion.
Consequently, by incorporating into the boundary condition
an analytical solution of 'uf, our theory leads to the correct
acoustic fields, resonance frequencies, resonance Q-factors,
and acoustic streaming.

In Secs. VII-IX we have demonstrated the implementa-
tion of our extended acoustic pressure theory in numerical
finite-element comsoL models, and we have presented the
results of two specific models in 2D: a water domain with a
rectangular cross section and a given velocity actuation on
the domain boundary, and a water domain with an elliptic
cross section embedded in a rectangular glass domain that is
actuated on the outer boundary. By restricting our examples
to 2D, we have been able to perform direct numerical simu-
lations of the full boundary-layer-resolved model, and to use
these results for validation of our extended acoustic pressure
and streaming theory. Remarkably, we have found that even
in 2D, our approach makes it possible to simulate acousto-
fluidic systems with a drastic nearly 100-fold reduction in
the necessary degrees of freedom, while achieving the same
quantitative accuracy, typically of order ko0, compared to
direct numerical simulations of the full boundary-layer
resolved model. We have identified three reasons for this
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reduction: (1) Neither our first-order nor our second-order
method involve the fine-mesh resolution of the boundary
layer. (2) Our first-order equations (20a) and (25) requires
only the scalar pressure p; as an independent variable, while
the vector velocity v; is subsequently computed from p,, Eq.
(19b). (3) Our second-order equations (52) and (55) avoid
the numerically demanding evaluation in the entire fluid
domain of large terms that nearly cancel, and therefore our
method requires a coarser mesh compared to the full model,
also in the bulk.

The results from the numerical examples in Secs. VIII
and IX show that the extended pressure acoustics theory has
the potential of becoming a versatile and very useful tool in
the field of acoustofluidics. For the fluid-only rectangular
domain in Sec. VIII, we showed how the theory not only
leads to accurate numerical results for the acoustic fields and
streaming, but also allows for analytical solutions, which cor-
rectly predict crucial details related to viscosity of the first-
order acoustic resonance, and which open up for a deeper
analysis of the physical mechanisms that lead to acoustic
streaming. For the coupled fluid-solid system in 2D of an
elliptical water domain embedded in a rectangular glass
block, we showed in Sec. IX an important example of a more
complete and realistic model of an actuated acoustofluidic
system. The extended pressure acoustics theory allowed for
calculations of acoustic fields and streaming with a relative
accuracy lower than 1%. Based on preliminary work in pro-
gress in our group, it appears that the extended pressure
acoustic theory makes 3D simulations feasible within reason-
able memory consumptions for a wide range of microscale
acoustofluidic systems such as fluid-filled cavities and chan-
nels driven by attached piezoelectric crystals as well as drop-
lets in two-phase systems and on vibrating substrates.

Currently, we have neglected thermal dissipation. It would
of course be an obvious and interesting study, to extend the
presented theory to include thermoviscous effects. Previous
studies*** on acoustofluidic systems with flat walls oscillating
only in the perpendicular direction, have shown that the acous-
tic streaming is unaffected for channels with a height larger
than 250 6 =~ 100 um. We thus expect the predictions of this
work to hold for such “high” channels. However, for more flat
channels, a significant reduction of the acoustic streaming is
predicted, for example a reduction factor of 2 for a channel of
height 256 ~ 10 um.** For such “flat” channels, the thermal
boundary-layer must be included in our model to ensure reli-
able predictions. Such an extension of our model seems feasi-
ble, as the thermal boundary-layer width is about 3 times
smaller than the viscous boundary-layer width for water at
2 MHz and 25 °C. Thus the basic idea of a weakly curved, thin
boundary-layer model can be maintained, but of course at the
expense of analytical complications arising from including the
heat transport equation together with temperature dependence
of the material parameters in the presented first- and second-
order perturbation theory.

Although we have developed the extended pressure-
acoustics theory and corresponding streaming theory within
the narrow scope of microscale acoustofluidics, our theories
are of general nature and may likely find a much wider use
in other branches of acoustics.

780  J.Acoust. Soc. Am. 144 (2), August 2018

APPENDIX A: DIFFERENTIAL GEOMETRY

In the following we present the basic differential
geometry used in this work. Because our analysis is carried
out in the limit of weakly curved, thin boundary layers,
defined by ¢ < 1 of Eq. (10) as discussed in Sec. IID,
simplifications arise so that we do not need to unfold the full
notation of differential geometry based on co- and
contravariant derivatives, the metric tensor, and the full
Christoffel symbols.”>' Instead, we follow the tradition in
the field set by Nyborg™ and by Lee and Wang,** and use the
vectorial notation based on the unit tangent vectors e; and the
scale factors /; at position r in the thin boundary layer,
with h; = |0r|  for i = ¢, n, ¢,

1
e — h_, 8,1‘, (Ala)

e, - e; = Oy, orthonormality by construction. (Alb)
It is natural to introduce the scaled derivatives 5‘i and the

curvilinear quantities Ty; and Hj,

0; = hfl d;, so that e; = O;r, (A2a)
Tkji - (ékej) - €, forkajai - éa n, C7 (Azb)
Hy =Ty, sum over repeated index i. (A2c¢)

T, is related to, but not identical with, the celebrated
Christoffel symbols of differential geometry. The following
relations for Tyj; are useful in the analysis:

Tji = Ty, for i #j, (A3a)
Tiee = Ty = Trge = 0, (A3b)
Tgi = 0. (A3c)

Equation (A3a) follows from Ty; = (1/h)0k((1/h;)0ir) - €;
= (81(6]1‘//’11(}1]‘) -e — (8kh,~/hkhj)ej - e;, which is symmetric
in k and j as the last term is zero for j # i, Eq. (A3b) is
proven by observing Tz = (Dres) - e; = %c?)k(eg -e:) =0
as ez - ez = 1, and Eq. (A3c) arises because ( is defined as
the normal direction, and as a consequence T};; is only non-
zero for the tangential derivatives T¢; and T,;, and
Hy = Tere + Tyy- It is in this sense that the surface length
scale is set by R ~ min{T}; ! H; '} as stated in Sec. ITE.

From now on, we use the index notation, where, as in
Eq. (A2c), a repeated index implies a summation. In
curvilinear coordinates, the V operator and vector fields are
written as

V= e,‘é,‘, A= A,‘ e;, (A4)
and from this all other differential operators are calculated.
The first example is the Laplacian of a scalar,

Vzg =V. Vg = (ejé») . e,‘é,‘
= lej-€0;+ ¢ (Dje
= (0 + Tjy)dig = (0

NER
0:0; + M;0:)g. (A5)
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The divergence of a vector field A takes the form

V- A=e¢;- 5,—(Akek) = [(51'Ak)ek +Akéiek} -e
= (9iA1)di + AcTai = (Ox + Ha)Ay, (A6)

while the gradient of a vector field B is

VB = ekék(Bjej) =e; (ngi)ei Jrng'ke]}
= e, (0iBi + TyiB,))e:. (A7)

From this follows the advective derivative (A -V)B of a
vector B with respect to a vector A,

(A - V)B = Ac(DiB; + TyjiB))ei, (A8)
and the Laplacian of a vector B,

V2B =V VB = ¢,0, |ex(iB; + TuiB))es|
= Hi(0kB; + TyiB))e:
+ [ékékBi + Bjékaji + TkjiékBj} e;
+ (OkBi + TyiB)) Tiimem- (A9)
In the analysis of fields in the weakly curved, thin

boundary layer, it is useful to decompose a given vector A
into parallel and perpendicular components,

A :AH +Agey, (A10a)

AH :Aieg—&—Aneﬂ =A,e,, (A10b)
where here and in the following, repeated Greek index o
only sums over the tangential indices ¢ and 5. Likewise, the
parallel components of the V operator (A4), the divergence
(A6), and the advective derivative (A8) are

V| = e, (Alla)
VA= (02 + Ha)As, (Allb)
(A-V))B = A,(0,B; + T,;iB))e, (Allc)

For the short-ranged boundary-layer vector field
A° =A% (&) a®() introduced in Eq. (14), and the
analogous scalar field g® = g% (& 1) a’({), the derivative
expressions simplifies in the weakly curved thin boundary-
layer limit e < 1. The reason is that terms containing
surface-derivative quantities V|, T;;, and Hy, all of size d!,
are a factor of ¢ smaller than terms with the perpendicular
derivative 5 = 0, which picks up a factor of 6" due to the

factor a®({) that decays on the length scale 5. \ ‘
For V2g° in Eq. (AS), the first term 0,0;° = 02g°
~07%g° is €' larger than the second term H;0,8°

~R71671g% so that V2g° ~ 92g° as stated in Eq. (15a).
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Similarly, for V2A? in Eq. (A9), the only term that does
not contain at least one factor H; or Ty; is
(D:DrA?) €; ~ (62A‘5) e = 82A‘) as stated in Eq (15b).

Finally, for Eq (A6), VA = =V, AH + (0; + H)A?
~ VH AH + 85A as stated in Eq. (15¢).

APPENDIX B: ACOUSTIC POWER BALANCE

The time averages (ENM), (EP%), and (E,) of the
kinetic, the potential, and the total acoustic energy density,
respectively, are given by

<E“‘“>— polvi - 1), (Bla)
(ER") —*K0<I’1P1> (B1b)
(Eac) = (Ex) + (ER). (Blc)

Using Gauss’s theorem and p,0v; =V -0y, the time-
averaged total power delivered by the surrounding wall is
written as the sum of the time-averaged rate of change of the
acoustic energy and total power dissipated into heat,

% (VY.6) -ndA
o0

= V. <’Ul -0'1> dav (B2a)
JQ

= Q[<’U1 . (V . 0'1)> -+ <(V’U1) : 0'1>]dV (B2b)

= Q[(@,Eac> +((Voy) : 1)]dv. (B2c)

Solving for the time-averaged change in acoustic energy
Jo{(0iEqc)dV in Eq. (B2c) gives

J (O AV
Q
:is <V(1)'01>'”dA_J ((Vor) : 1) dv (B3a)
oQ Q
=§ WP maa s | o (e
le) Q
(B3b)

where Gauss’s theorem transforms [, (V] - 1) - ndA into a
volume integral, and n = —e; is the normal vector of the
fluid domain Q. We may interpret the last term in Eq. (B3b)
as the rate of change of stored energy due to the viscosity-
induced power (Pyi),

<Pvisc> <PdISS > <Pwall> (B4)

VISC VISC

Here, (PYs5) is the viscous power dissipation into heat and

(P¥ly js the power from the viscous part of the work

performed by the wall on the fluid,

Pach = | (o1 (v

Q

T1))dV, (B5a)
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Pi) =] (Vo) ey, B5b)
Q
(Pd) —ff (v - 11) - ndA. (B5c)
[2[9}
Using Egs. (18) and (19) we evaluate (Pyisc),
(Puse) = Lm (V- w)dv (B6a)
= | o1 GUVp1 —ipyod)av (B6b)
Q
0 2
—1; (p1v}’) - ndA (B6c)
oQ

where we used Eq. (19) and Gauss’s theorem. Inserting Eq.
(B6c) into Eq. (B3b) leads to Eq. (30). Comparing with Eq.
(32), we can relate (Pjogs) = (P{ ) and (Pyis.),

loss

<Ploss> - <Pvisc> §QQ<I)I |:leV . V(1):| > -ndA (B7a)

Py = (¥ v oman

(B7b)

Note that (Pjos) is not in general the same as the power
(P4 dissipated into heat. These might, however, be

VisCc
approximately equal if the power

p——

delivered by the pressure is approximately balanced by
dissipation (P%%). This happens, if

% —<p1V(1)>'ndA
0Q

is much larger than (P¥!') and

j£a£2<pl [kisvn ' V?HD ‘nda,

which is usually satisfied.

APPENDIX C: COMPARISON WITH PREVIOUS
RESULTS IN THE LITERATURE

1. Comparison with Lee and Wang (1989)

In the following we rewrite the -component vgg of the
streaming velocity in Eq. (58a) using the notation of Lee
and Wang** to compare it directly with u, given in their
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Eq. (19)"V. First, we take the complex conjugate of the
argument of the real value, set f = ¢, and write explicitly
the sum over the repeated index o = &, 7,

Vi = —%Re{vlg (8&?8*) +v’f0 dO*TW
+oi <8 Udo*) + ooy Tone + [(2+)V - 0]
= (2430)9f, — 2 = DH V)
iV (a(ulﬁuléTgﬁu,ﬂTm) } (1)

This expression is rewritten using the notation of Lee and

Wang’ ’U(l]:uao, (U(ll(gvvfllgvvcll?) (uaO,UaO,WaO) (6777 C)
:(Xayaz)v HC:Ha(afaanaa ) (6)(1’ 81(7 8)53) Tkjl szk ’ and

Vir=wa+0(e),

1
gg = _TRe{ua() [an uaO + UaOTbvlv}
+ 040 [ Oy 1 + i TS + 160 [(241)V - o
— (24 31)D.wa — (2— 1) Hwyo)]

—2iw} (Dt + a0 T3y + a0 ) }
| . .
=g Re{artup[(2+1)V - uag
— (2+3i)8 Wa0 — (2 — i)HWtIO]
—2iw’, (5’ Ug0) + Maon + UaOTm ) }

1 .
=u +%Re{lwaO (Dettao + 10 T3) +0a0THY ) }. (C2)

Here, we have used the definition of ¢, in Eq. (3)*V and the

result in Eq. (19)“Y for the x-component u;, of the streaming

velocity just outside the boundary layer.
Similarly, we obtain for the y-component vgf; in Eq. (58a),

1 -
U‘QIS =uv. + %Re{lwao (Bzvao + uaoTzL;Y + vaoTé‘g)}
(C3)

where we have used the definition in Eq. (4)%V for ¢, and
the result in Eq. (20)"V for the y-component v, of the
streaming velocity. The comparison obtained in Eqs. (C2)
and (C3) is discussed in Sec. VI A.

2. Comparison with Vanneste and Buhler (2011)

In the following we rewrite the ¢-component 59 of the
Eulerian streaming velocity in Eq. (59b) using the notation of
Vanneste and Biihler”> to compare it directly with the
Lagrangian streaming velocity ig;, given in their Eq. (4.10)"?.
First, given the flat wall, (&,1,{) = (x,y,z) and for all i, j, k
we have h;=1, H; =0, and T;;,=0. Then, we identify our
first-order velocity fields with theirs: From Egs. (2.6)V® and
(3.HYB follows v = 2V(2>, and from Egs. (3.9)V® and
(3.10)VB we read that le =2U ey —ZVey. Next, we relate

our steady Eulerian second-order velocity 'v‘zi with their
Lagrangian mean flow &5, Eq. (4.10)'B. Using ReZ =1Z

+c.c. =4Z* + c.c., we obtain

slip
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2w

_ L ~S _ E
*uslipiu *uslip'

Here, we have used that the Lagrangian velocity uSth, calcu-
lated by Vanneste and Biihler in their Eq. (4.10)VB, is related
to the Eulerian velocity ugip through the Stokes drift velocity
i® = (1/w)(iv? - Voi) of Eq. (34c).

Similarly, for the y component vgg of the streaming,

do __ L ~S _ E
Uap = Uslip — U = Ugip-

(C5)

The comparison obtained in Egs. (C4) and (C5) is discussed
in Sec. VIB.
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