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A method is presented for the determination of complex-valued compression and shear elastic moduli of
polymers for ultrasound applications. The resulting values, which are scarcely reported in the literature, are
found with uncertainties typically around 1% (real part) and 6% (imaginary part). The method involves a
setup consisting of a cm-radius, mm-thick polymer ring glued concentrically to a disk-shaped piezoelectric
transducer. The ultrasound electrical-impedance spectrum of the transducer is computed numerically and
fitted to measured values as an inverse problem in a wide frequency range, typically from 500 Hz to 5 MHz,
both on and off resonance. The method is validated experimentally by ultrasonic through transmission
around 1.9 MHz. The method is low cost, not limited to specific geometries and crystal symmetries, and,
given the developed software, easy to execute. The method has no obvious frequency limitations before
severe attenuation sets in above 100 MHz.
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I. INTRODUCTION

Numerical simulations are often used when optimiz-
ing and predicting piezoelectric device performance in
applications including ultrasonic cleaning [1], energy
harvesting [2], inkjet printing [3], and acoustofluidics
[4,5]. To perform precise, accurate, and predictive sim-
ulations, well-characterized material parameters such as
the complex-valued elastic moduli are required. Whereas
material databases exist [6], and manufactures may pro-
vide some of the required parameters, it is often not
sufficient when attempting to perform reliable simulations
and predictions. Polymers are in this regard a particularly
challenging class of materials, since the elastic moduli of a
given polymer may depend on unspecified parameters such
as the distribution of polymer chain lengths and fabrication
processes.

There exist a range of techniques to characterize an
unknown material or substance mechanically. Dynamic
techniques such as resonant ultrasound spectroscopy [7],
transmission techniques [8,9], impulse excitation [10],
laser vibrometry and triangulation [11,12], as well as static
techniques, such as four-point bending, are widely used in
various industries [13]. Those methods however often rely
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on a few mechanical eigenmodes or resonance frequencies
of the material under study, a broad frequency spectrum
due to a narrow pulse in the time domain, or even static
or low-frequency measurements. Applications requiring
actuation frequencies in the MHz-range however require
material properties that are measured in similar frequency
intervals for an accurate description of the system.

In this work we aim to extend the field of ultrasound
spectroscopy [12,14] by utilizing an electrical-impedance
spectrum spanning a frequency range of several MHz to
obtain a full set of complex-valued elastic moduli of poly-
mers. With this technique, labeled ultrasound electrical-
impedance spectroscopy (UEIS), a piezoelectric disk, driv-
ing vibrations in an attached polymer ring, is used to
characterize the complex-valued elastic compressional and
shear moduli of the polymer ring. Similar techniques have
been used in the past to fit piezoelectric material param-
eters by an inverse problem and numerical optimization
procedures on a free oscillating piezoelectric transducer
[8,12,14–18]. Here, the same principles are used to fit
elastic material parameters. From the UEIS spectrum of
a mass-loaded transducer, an inverse problem is con-
structed to deduce the elastic moduli of the mass load.
The method is similar to those of Refs. [12,19,20], but
by including an automated whole-spectrum fit and com-
plex parameter values, it extends the previous method
as suggested in the conclusion of Ref. [20]. Instead of
a thin-film transducer and manual fitting of few selected
resonance peaks in the impedance spectrum, the UEIS
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method makes use of several hundred impedance values
measured on a mechanically loaded bulk transducer in the
frequency range from 500 Hz to 5 MHz, to extract both
real and imaginary parts of the complex-valued elastic
moduli, and not just the real parts obtained in Ref. [20].
The UEIS technique enables low-cost and in situ measure-
ments of elastic moduli over a wide frequency range from
low kHz to several MHz. It is easy to execute, requiring
only a disk-shaped piezoelectric transducer, a ring of the
unknown polymer sample, an impedance analyzer, and the
developed fitting software.

The paper is organized as follows. In Sec. II a brief
overview of the relevant theory is given, before in Sec. III
the experimental and numerical methodology of the UEIS
technique is described in detail for polymer, glue, and
transducer. In Sec. IV we provide validation data based
on ultrasonic-through-transmission (UTT) measurements,
before we in Sec. V present the main results of the UEIS
method in terms of the complex-valued electromechanical
parameters of the unloaded piezoelectric transducer and
the complex-valued elastic moduli of the UV-cured glue
and the polymer ring. We conclude in Sec. VI.

II. THEORETICAL BACKGROUND

We follow Ref. [21] and describe isotropic polymers
using the standard linear theory of elastic solids in
the Voigt notation, in terms of the displacement vec-
tor u of a given material point away from its equilib-
rium position, and the 1 × 6 strain s and stress σ col-
umn vectors with the 6 × 1 transposed row vectors sT =
(∂xux, ∂yuy , ∂zuz, ∂yuz + ∂zuy , ∂xuz + ∂zux, ∂xuy + ∂yux) and
σ T = (σxx, σyy , σzz, σyz, σxz, σxy), respectively. Represent-
ing the elastic moduli Cik by the tensor C, the constitutive
equation for an elastic solid in the ∞mm-symmetry class
is [22]

σ = C · s, (1a)

C =

⎛
⎜⎜⎜⎜⎜⎝

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C66

⎞
⎟⎟⎟⎟⎟⎠

. (1b)

For an isotropic polymer C33 = C11, C66 = C44, and C13 =
C12 = C11 − 2C44, so here, C is given only by the two
complex-valued elastic moduli C11 and C44, each with
a real and imaginary part, Cik = C′

ik + iC′′
ik, relating to

the propagation and attenuation of sound waves, respec-
tively. Many amorphous polymers, such as the injection-
molded polymethyl methacrylate (PMMA) in this work,
are isotropic, but if not, such as semicrystalline poly-
mers [23], a C tensor with the appropriate lower symmetry
must be used. Since only positive power dissipation is

allowed, the elastic moduli are restricted by the constraint
that the matrix Im(−C) must be positive definite [24].

We also model the piezoelectric lead-zirconate-titanate
(PZT) transducer in the ∞mm-symmetry class [22], again
following the notation of Ref. [21]. Here, u, S, σ , and C are
supplemented by the electric potential ϕ, the electric field
E = −∇ϕ, the dielectric tensor ε, the electric displace-
ment field D = ε · E, and the piezoelectric 3 × 6 coupling
tensor e. The constitutive equation becomes

(
σ

D

)
=

(
C −eT

e ε

) (
S
E

)
= M ·

(
S
E

)
(2a)

e =
⎛
⎝

0 0 0 0 e15 0
0 0 0 e15 0 0

e31 e31 e33 0 0 0

⎞
⎠ ,

ε =
⎛
⎝

ε11 0 0
0 ε11 0
0 0 ε33

⎞
⎠ . (2b)

In the ∞mm-symmetry class, C66 = 1
2 (C11 − C12), so the

coupling tensor M is given by the five complex-valued
elastic moduli C11, C12, C13, C33, and C44, with Cik =
C′

ik + iC′′
ik, the two complex-valued dielectric constants

ε11 and ε33 with εik = ε′
ik + iε′′

ik, and the three real-valued
piezocoupling constants e31, e33, and e15 with eik = e′

ik +
0i. Since only positive power dissipation is allowed, the
coupling constants are restricted by the following con-
straint on the matrix K [24]:

K = Im
(−C eT

e ε

)
must be positive definite. (3)

We limit our analysis of the linear system to the time-
harmonic response for a given angular frequency ω =
2π f , where f is the excitation frequency of the system.
Thus, any physical field Fphys(r, t) is given by a complex-
valued amplitude F(r) as Fphys(r, t) = Re

[
F(r)e−iωt

]
, and

we need only to compute F(r). In our model of a poly-
mer sample mounted on a PZT transducer having a bottom
and top electrode, the system is excited by the excitation
voltage ϕ

phys
top = Re

[
ϕtope−iωt

]
as follows:

ϕbot = 0 V and ϕtop = 1 V. (4)

By introducing the density ρ as an additional material
parameter, the governing equations for the time-harmonic
displacement field u in the polymer and in the PZT and for
the quasielectrostatic potential ϕ in the nonmagnetic PZT
without free charges, become

∇ · σ = −ρω2u and ∇ · D = 0. (5)

We neglect the effect of gravity in this formulation, as it
leads only to a minor deformation of the geometry. The
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stress- and charge-free boundary conditions are imposed
on free surfaces

σ · n = 0 and n · D = 0. (6)

The current density J in the PZT transducer is given by the
polarization P as

J = ∂tP = −iω(D − ε0E). (7)

Consequently, the electrical impedance Z central to the
UEIS method can be computed via the flux integral of J
through the surface ∂	top with surface normal n as,

Z = ϕtop − ϕbot

I
, with I =

∫
∂	top

n · JdA. (8)

III. METHODOLOGY

The ultimate goal is to develop and test a method for
determination of the complex-valued elastic moduli of
polymers. However, to achieve an accuracy level of about
1–5%, we need also to determine the mechanical and elec-
tromechanical parameters of the piezoelectric transducer
as well as the elastic moduli of the glue used to mount the
polymer sample on the transducer.

A. Experimental procedure

Measurements of the electrical-impedance spectrum
Zexp(f ) are performed using a Vector Network Analyzer
Bode 100 (OMICRON electronics GmbH, Klaus, Austria)
in a linear interval with 10 000 steps between 500 Hz and
5 MHz, each frequency sweep taking less than 4 min. In
a first step, the electrical impedance of an unloaded Pz27
disk (Meggitt A/S, Kvistgaard, Denmark) is characterized.
The top and bottom electrode of the piezoelectric disk are
contacted through spring-loaded pins in a custom-made
sample holder, minimizing the contact force and area to
a point in the center of the disk. In the following step,
using a thin layer of the UV-curable glue NOA 86H [Nor-
land Products, Jamesburg (NJ), USA], a polymer ring of
known dimensions is glued on top of a Pz27 disk. This
ring is made from either the NOA 86H glue itself or from
PMMA (Diakon TD525, Lucite International, Rotterdam,
Netherlands). We aim at making the glue layer as thin
(15–25 µm) and uniform as possible to reduce its influ-
ence on the combined system, as studied by Bodé et al.
[25]. This is achieved by gently squeezing the system for
a few seconds after assembly, just before curing the glue
by UV illumination. The glue is cured at a UV intensity of
15 mW/cm2 at 365 nm for 167 s to achieve strong bond-
ing between the transducer disk and the polymer ring. The
glue NOA 86H is selected after performing experiments
with several different adhesives, as it enables good adhe-
sion between the PZT and the polymer and allows for good

TABLE I. Measured thickness (TH) and outer diameter (OD)
of the Pz27 disks (named Pz27-TH-OD). Measured TH, OD, and
inner diameter (ID) of the rings made by the glue NOA 86H
(named NOA86H-TH-OD) and of the polymer PMMA (named
PMMA-TH-OD). Letters A, B, C are used as labels for samples
with the same nominal dimensions. The precision is given as the
standard deviation from six measurements.

Sample TH (mm) OD (mm) ID (mm)

Pz27-0.5-6.35-A 0.510(1) 6.594(5) . . .

Pz27-0.5-6.35-B 0.502(1) 6.587(2) . . .

Pz27-0.5-10-A 0.500(1) 10.037(7) . . .

Pz27-0.5-10-B 0.492(2) 10.039(3) . . .

Pz27-0.5-10-C 0.505(2) 10.039(5) . . .

NOA86H-1.4-20 1.5(2) 19.22(6) 1.90(2)
PMMA-1.4-20-A 1.428(2) 19.981(5) 1.98(1)
PMMA-1.4-20-B 1.440(4) 20.017(8) 1.94(1)
PMMA-1.4-25-A 1.427(5) 24.98(1) 1.92(1)
PMMA-1.4-25-B 1.437(5) 24.94(1) 1.94(2)

acoustic coupling due to acryliclike properties in the cured
state with an attenuation comparable to that found for the
polymer ring. After curing, the electrical impedance of the
polymer-loaded transducer is measured. The small hole
of the polymer ring allows contacting the transducer disk
using the above-mentioned spring-loaded pins. The aver-
age of three impedance measurements, taking less than 12
min to obtain, is used both for the unloaded and loaded
case.

The diameter and thickness of the polymer ring and
the Pz27 disk are measured before assembling the sys-
tem using an electronic micrometer with an accuracy
of ±4 µm. The glue-layer thickness is obtained as the
measured total thickness of the assembled system minus
the sum of the individual thicknesses of the Pz27 disk
and the polymer ring. The impedance measurements are
performed at 24 ◦C using a combination of two differ-
ent nominal transducer dimensions (diameter 6.35 and 10
mm, thickness 0.5 mm) and two different nominal poly-
mer ring dimensions (diameter 20 and 25 mm, thickness
1.4 mm), yielding four transducer-polymer systems with
the dimensions listed in Tables I and II.

TABLE II. The measured glue-layer thickness of the five
studied PMMA-ring-on-Pz27-disk configurations.

Pz27 disk Polymer ring Glue layer

Pz27-0.5-6.35-A PMMA-1.4-20-A 15 µm
Pz27-0.5-6.35-B PMMA-1.4-25-A 24 µm
Pz27-0.5-10-A PMMA-1.4-25-B 21 µm
Pz27-0.5-10-B PMMA-1.4-20-B 12 µm
Pz27-0.5-10-C NOA86H-1.4-20 15 µm
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B. Numerical model

The weak formulation of the finite-element method
(FEM) is used to implement the governing equations in
the software COMSOL Multiphysics [26] to simulate the
electrical-impedance spectrum Zsim(f ) unloaded or loaded
PZT transducer. In particular, we use the weak form PDE
interface as described in our previous work [5,21,25].
The simulations are computed on a workstation with a
12-core, 3.5-GHz central processing unit and 128 GB ran-
dom access memory. Third-order Lagrange polynomials
are used as test functions for both u and ϕ. The model con-
sists of three domains: a piezoelectric disk, a glue layer,
and a polymer ring. Given the cylindrical geometry of the
assembled stack and the axisymmetric structure of the cou-
pling tensors C and M in Eqs. (1b) and (2a), the system
can be reduced to an axisymmetric model as shown in
Ref. [27] and illustrated in Fig. 1. This axisymmetrization
reduces the computational time substantially. A suitable
mesh element size is found by the mesh convergence study
presented in Sec. S1 of the Supplemental Material [28],
where in addition in Sec. S2, a COMSOL sample script is
presented.

Using the “LiveLink for MATLAB” interface pro-
vided by COMSOL, the MATLAB optimization procedures
fminsearchbnd and patternsearch are used to
fit the material parameters such that Zsim(f ) is as close
to Zexp(f ) as possible. The fminsearchbnd algorithm
[29] allows a bounded search in parameter space.
The patternsearch algorithm (part of the Global
Optimization Toolbox) makes twice as many func-
tion evaluations, but it covers a larger region in parameter
space and is better to locate the global minimum for poor
initial values. Both algorithms use a gradient-free direct
search and are therefore well suited for nonsmooth numer-
ical optimization procedures. The algorithms require three
inputs: (i) initial values, (ii) upper and lower bounds,

Polymer ring

Transducer disk
Glue layer

r

z

r

z
(a)

(b)

FIG. 1. (a) A three-dimensional (3D) sketch of the system con-
sisting of a polymer ring (light gray) glued (green) to a transducer
disk (dark gray) whit a quarter cut away for visibility. (b) The
inset shows the two-dimensional (2D) axisymmetric domain in
the r-z plane used for numerical simulations. The structured mesh
is the one used at 5 MHz.

and (iii) a cost function to minimize. Based on the mea-
sured and simulated electrical-impedance values Zexp(fi)
and Zsim(fi) obtained at approximately 500 frequencies fi,
we define the cost function C as

C =
√∑

i

[
log10

(|Zexp(fi)|
) − log10

(|Zsim(fi)|
)]2. (9)

Here, we use the logarithm, because Z(fi), having many
peaks, varies by orders of magnitude as a function of fi.

C. Sensitivity analysis

To enhance the performance of our fitting procedure, we
group the parameters into sets of similar sensitivity based
on the following sensitivity analysis of the cost function C
on each of the 16 material parameters (p1, p2, . . . p16)

Pz27 =
(C′

11, C′
12, C′

13, C′
33, C′

44, ε′
11, ε′

33, e′
31, e′

33, e′
15, C′′

11, C′′
12, C′′

13,
C′′

33, C′′
44, ε′′

33) for the Pz27 disk and on the four polymer
parameters (p1, . . . p4)

polym = (C′
11, C′

44, C′′
11, C′′

44). The
sensitivity analysis is performed in the frequency range
from 500 Hz to 5 MHz, with the initial value p0

i taken
from the literature for a given parameter pi, and there-
fore the individual sensitivity values represent averages
over the entire frequency range. A more detailed study
of the frequency dependency of the sensitivity is shown
in Sec. S2 of the Supplemental Material [28]. We use a
discrete approximation of the relative sensitivity S(pi) =
pi∂piC(pi) of C(pi) based on a ±10% variation of pi around
p0

i , while keeping the remaining parameters fixed at p0
j ,

S(pi) = C(1.1pi) − C(0.9pi)

1.1 − 0.9
, pj = p0

j for j �= i.

(10)

The obtained sensitivities S for the pPz27
i and pPMMA

i
parameters for Pz27 and PMMA, respectively, are shown
in Fig. 2. The Pz27 parameters are classified in three
groups of high S(pi) > 1, medium 0.1 < S(pi) < 1, and
low S(pi) < 0.1 sensitivity, respectively, and as described
in the following section, a robust fitting is obtained by
fitting the parameters group by group sequentially in
descending order from high to low sensitivity. Since all
four PMMA parameters have a medium-to-high sensitivity
we fit them simultaneously in a single, undivided group.

D. The UEIS fitting procedure

The first step in the UEIS fitting procedure is to measure
and simulate the electrical impedance Zexp(f ) and Zsim(f ),
respectively, of an unloaded Pz27 transducer disk and then
following Refs. [16–18] to fit the 16 Pz27 parameters pPz27

i
in the form of an inverse problem by minimizing the cost
function C. In the second step, a characterized Pz27 disk
is loaded by gluing on a given polymer ring using the UV-
curable glue NOA 86H. To characterize the glue, the first
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FIG. 2. The relative cost-function sensitivity S(pi) for the 17
piezoelectric material parameters pi obtained as an average from
four Pz27 disks in the frequency interval 500 Hz–5 MHz is
shown in the left side of the figure. S(pi) for the four PMMA
parameters, calculated from the average of four Pz27-PMMA
systems, are shown on the right. Corresponding real and imag-
inary parts are visualized in the same color, and the regions of
high [S(pi) > 1], medium [0.1 < S(pi) < 1], and low [S(pi) <

0.1] sensitivity are highlighted by gray shadows. The sensitiv-
ity of the parameter ε′′

11 is close to zero, as indicated by a black
arrow.

studied polymer ring is made by the glue itself, and Z(f )

is used to similarly fit the four glue parameters pglue
i . Sub-

sequently, using the characterized glue, a PMMA ring is
glued to a characterized Pz27 disk, and Z(f ) is used to
similarly fit the four PMMA parameters pPMMA

i . See the
flow chart in Fig. 3.

For the unloaded Pz27 disk, the initial values of pPz27
i

are taken from Ref. [18], and the kth iteration in the
fit is divided into four substeps: (1) Fit the six parame-
ters C′

11, C′
12, C′

13, C′
33, ε′

33, and e′
33 of highest sensitivity

S > 1 using the fminsearchbnd algorithm in the range
500 Hz < fi < 5 MHz in increments of 10 kHz with the
bounds set to ±30%, while keeping the remaining 11
parameters fixed. (2) Check whether the cost function Ck
of iteration k deviates less than 1% relative to Ck−1 (the fit
is converged and pPz27

i have been determined) or not (the
fitting continues). (3) Similarly, fit the five parameters C′

44,
e′

31, e′
15, C′′

11, and C′′
33 of medium sensitivity 0.1 < S < 1.

(4) Likewise, fit the last six parameters ε′
11, C′′

12, C′′
13, C′′

44,
ε′′

11, and ε′′
33 of low sensitivity S < 1 and move on to iter-

ation k + 1. If during the fit a value of pPz27
i is within 5%

of the predefined bound, the latter is changed by 50%. Fur-
thermore, for each evaluation of the cost function C, it is
checked if K in Eq. (3) is positive definite, and if not we
set C = ∞.

For the glue ring, the initial values of the four parame-
ters pglue

i are Cglue
11 = (4.7 − 0.47i) GPa and Cglue

44 = (0.9 −
0.09i) GPa inferred from Young’s modulus of Ref. [37],
the assumed value 0.38 of Poisson’s ratio, and C′′

ik =
0.1C′

ik. Moreover, the density of the glue ring is mea-
sured. The fitting is divided into two substeps to increase

Measure Zexp(f) of an
unloaded Pz27 disk

Simulate Zsim(f) and fit
pPz27

i by minimizing C
using fminsearchbnd
with initial values [18]

Fit of high sensitivity pPz27
i

C′
11, C′

12, C′
13, C′

33, ε′
33, e′

33

Check if
∣
∣
∣

Ck−Ck+1
Ck+1

∣
∣
∣ < 1%

Fit of medium sensitivity pPz27
i

C′
44, e′

31, e′
15, C′′

11, C′′
33

Fit of low sensitivity pPz27
i

ε′
11, C′′

12, C′′
13, C′′

44, ε′′
33

Measure Zexp(f) for
a PMMA ring

glued to a Pz27 disk

Coarse fit of pPMMA
i

C′
11, C′

44, C′′
11, C′′

44
for 500 Hz ≤ fi ≤ 1 MHz

using patternsearch

Final pPMMA
i fit in ranges

500 Hz ≤ fi ≤ 1 MHz
and 3.5 MHz ≤ fi ≤ 5 MHz

using fminsearchbnd

Final pPMMA
i

C′
11, C′

44, C′′
11, C′′

44

* The pglue
i are determined

from a solid glue ring
using the same procedure.

pPz27
i and pglue

i

are taken from
previous fits*
and kept fixed

Initial values
for pPMMA

i are
averages from
Refs. [30-36]

Initial values
for pPMMA

i are
the coarse fit
valuesF

in
al

p
P

z2
7

i

Ck

false

true

Ck+1

FIG. 3. A flow chart of the steps in the fitting procedure to
obtain complex-valued elastic moduli for a polymer sample.
First, the electrical-impedance spectrum Zexp(f ) of a Pz27 trans-
ducer disk is measured in the range 500 Hz < fi < 5 MHz. Then,
the Pz27 parameters pPz27

i are fitted in the same frequency range
with increments of 
f = 10 kHz based on their sensitivities in
descending order, with initial values from Ref. [18]. The next
step is the measurement of Zexp(f ) for the PMMA ring glued to
the Pz27 disk in the range 500 Hz < fi < 5 MHz. Then, coarse
fitting of the pPMMA

i is performed in the range 500 Hz < fi <

1 MHz with 
f = 2 kHz stepping, taking the initial values to
be the average values of Refs. [30–36]. Lastly, a final fitting of
pPMMA

i is done in the the range 3.5 MHz < fi < 5 MHz com-
bined with the previous range using steps of 
f = 10 kHz. A
MATLAB-COMSOL sample script for the PMMA fitting procedure
is presented in Sec. S2 of the Supplemental Material [28].

robustness and speed: (1) A coarse fit of the four parame-
ters C′

11, C′
44, C′′

11, and C′′
44 using the patternsearch

algorithm in the limited range 500 Hz < fi < 1 MHz in
increments of 2 kHz with the bounds set to be ±40%
covering the typically observed range for polymers [9,
34]. (2) A final fit of C′

11, C′
44, C′′

11, and C′′
44 using the

fminsearchbnd algorithm in the combined ranges of
500 Hz < fi < 1 MHz and 3.5 MHz < fi < 5 MHz in
increments of 2 and 10 kHz, respectively, with the bounds
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set to ±40%, and with the coarse-fit values used as initial
values. If during the fit a value of pglue

i is within 5% of
the predefined bound, the bound is changed by 5%, see the
Supplemental Material [28]. Furthermore, for each eval-
uation of the cost function C, it is checked if Im(−C) is
positive definite, and if not we set C = ∞.

For the PMMA ring, the initial values of pPMMA
i are

taken to be the average of the values reported in Refs. [30–
36]. This average is used due to the lack of parame-
ter values provided by the manufacturer of our selected
PMMA polymer. Since this PMMA consists of a tough-
ened acrylic compound, we expect that it deviates from
standard PMMA grades. Therefore, we choose to use the
average literature values only as initial values in our fit-
ting routine, and we refrain from comparing them with the
resulting UEIS values. Otherwise, the fitting procedure for
the PMMA ring is the same as the one for the glue ring.

Note that for the selected materials in the studied fre-
quency range from 500 Hz to 5 MHz, and measured
with relative accuracies from 1% to 5%, the experimen-
tal results in Secs. IV and V show that it is adequate to
assume frequency-independent parameters pPz27

i , pglue
i and

pPMMA
i . See further discussion in Sec. V C.

IV. ULTRASONIC-THROUGH-TRANSMISSION
VALIDATION DATA

For the polymer PMMA, we carry out UTT measure-
ments [8,36] to acquire data for experimental validation of
the UEIS method. In UTT, a pulse, with center frequency
fc and width 
f in the frequency domain and width 
t
in the time domain, is transmitted through a polymer slab
of thickness d with its surface normal n tilted an angle θi
relative to the incident pulse and emerged in water having
the sound speed c0. We use fc = 1.90 MHz, 
f ≈ 1 MHz,
and 
t ≈ 2 µs. The UTT method relies on the fact that at
normal incidence only longitudinal waves are transmitted,
whereas above a critical tilt angle θcrit = sin−1(c0/clo) only
transverse waves are transmitted in samples with clo > c0.
The longitudinal and transverse speed of sound, clo and ctr,
and the corresponding attenuation coefficients, αlo and αtr,
of the slab can be determined based on the difference 
τ of
arrival times, with and without the slab placed in the water,

clo =
[
1 + c0

d

τ

]−1
c0, (11a)

ctr =
[

sin2 θi + (c0

d

τ + cos θi

)2
]−(1/2)

c0, (11b)

αlo = α0 + 1
d

ln
[

TloA0

Alo

]
, (11c)

αtr = α0 cos (θs − θi) + 1
d

ln
[

TtrA0

Alo

]
cos θs. (11d)

Here, Tlo and Ttr are the longitudinal and transverse trans-
mission coefficients, θs is the refractive angle of the shear
wave, A0 is the amplitude of the direct signal, and Alo and
Atr are the longitudinal and transverse amplitudes of the
transmitted signal after passing through the sample. Using
the parameter values of water listed in Ref. [38] and denot-
ing the dynamic and the bulk viscosity by η0 and ηb, the
attenuation coefficient α0 of water is,

α0(T, f ) = 2π2
[

4
3
η0(T) + ηb(T)

]
f 2

ρ0c3
0

≈
[

1 − 0.0249
T − 25 ◦C

1 ◦C

]
0.0217f 2

1 MHz2

Np
m

. (12)

As we do not control the room temperature in our UEIS
measurements, but simply monitor it with a 1 ◦C uncer-
tainty, we use the UTT experiments to determine the tem-
perature dependence of the elastic moduli of our PMMA
sample. To this end, the UTT tank is filled with warm water
at temperature T = 31 ◦C. Then over a period of 6 h, as
the water steadily cools to T = 23 ◦C, the elastic moduli
are measured at regular intervals, corresponding to steps
in temperature of about −0.5 ◦C. As shown in Sec. S4 of
the Supplementary Material [28], the resulting longitudinal
and transverse speed of sound (clo and ctr) and attenua-
tion coefficients (αlo and αtr) of PMMA at the frequency
fc = 1.90 MHz are found to depend linearly on temperature
T (in ◦C) as,

c1.90 MHz
lo (T) =

[
−11(2)

T
1 ◦C

+ 2743(46)

]
m
s

, (13a)

c1.90 MHz
tr (T) =

[
−4.5(4)

T
1 ◦C

+ 1267(9)

]
m
s

, (13b)

α1.90 MHz
lo (T) =

[
1.7(4)

T
1 ◦C

+ 25(10)

]
Np
m

, (13c)

α1.90 MHz
tr (T) =

[
7(2)

T
1 ◦C

+ 146(43)

]
Np
m

. (13d)

Here, the digits in the parentheses indicate 1σ uncertainties
computed from on the sum-of-square differences between
measured data and regression-line fits.

V. RESULTS OF THE UEIS METHOD

A. UEIS-fitted material parameters for Pz27

First, we determine the 16 material parameters pPz27
i for

the four unloaded Pz27 disks with nominal outer diam-
eters 6.35 and 10.0 mm and the measured dimensions
listed in Table I. Using the UEIS method described in
Sec. III involving the measured and fitted impedance spec-
tra Zexp(f ) and Zsim(f ), see Fig. 4, we obtain the resulting
parameters listed in Tables III and IV. In Table III we com-
pare the real part of the obtained UEIS parameters to those
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(a)

(b)

(c) (d) (e) (f)

FIG. 4. (a) Semilog plot of the measured (black) and simulated
UEIS |Z(f )| of an unloaded Pz27-0.5-10 disk. In the simula-
tions the UEIS-fitted (orange) and initial literature (blue) Pz27
parameters listed in Tables III and IV are used. The gray region
indicates the frequency range used in the fitting. (b) The loga-
rithmic difference 


exp
sim = log10(|Zexp|/|Zsim|) between measured

and simulated impedance spectrum. (c)–(f) Enlargement of dif-
ferent regions showing the measured and simulated spectrum on
a linear and renormalized scale. Each region is indicated by a
frame in both (a) and (b).

provided in the literature (Ref. [18]) and by the manufac-
turer (Ref. [39]). The relative difference 
lit

UEIS between
UEIS and literature values is in the range approximately
2–8%, whereas 
manf

UEIS is higher, typically in the range
approximately 5–40%. The deviations are overall signifi-
cant compared to the relative standard deviation σ̂UEIS �
2% of the mean of the UEIS values.

Similarly, in Table IV we compare the imaginary parts
of the obtained UEIS parameters to those provided in the
literature (Ref. [18]). Note that ε′′

11 is set to zero due to
its low value and sensitivity, and that e′′

ik = 0 by assump-
tion. In general, the imaginary parts are more difficult to
measure than the real parts, which is reflected in the high
values of σ̂UEIS (� 10%), 
lit

UEIS (approximately 5–50%),
but still with significant deviation between UEIS values
and the values provided in the literature and by the man-
ufacturer. The errors on the imaginary parts are about one
order of magnitude larger than the errors on the real parts.
This is in line with the previously found lower sensitivities
of the former compared to the higher sensitivities of the lat-
ter shown in Fig. 2. Relative deviations of the initial values
from the fitted values range from as little as 1.4% for C′′

13
and up to 50% for C′′

12 and above 200% for ε′′
33. Despite

those deviations from the initial values, we find good con-
vergence on the cost function and an excellent agreement

(b)

(a)

(c) (d) (e) (f)

FIG. 5. (a) Semilog plot of the measured (black) and simulated
UEIS |Z(f )| of a PMMA-1.4-25 ring glued to a Pz27-0.5-10 disk
by a 21-µm-thick layer of NOA 86H glue. The UEIS-fitted sim-
ulation (orange) is computed using the UEIS parameter values
listed in Tables III–VI. The initial-value simulation is shown in
blue. The gray regions indicate the frequency ranges used in the
fitting. (b) The logarithmic difference 


exp
sim = log10(|Zexp|/|Zsim|)

between measured and simulated impedance spectrum. (c)–(f)
Enlargement of different regions showing the measured and sim-
ulated spectrum on a linear and renormalized scale. Each region
is indicated by a frame in both (a) and (b).

between the measured and fitted impedance spectrum for
the Pz27 disk. The uniqueness of the 16 material parame-
ters pPz27

i is not guaranteed, but the simulated impedance
spectrum fits the measured one, and thus they provide an
adequate estimate for the subsequent determination of the
polymer parameters pPMMA

i . In Fig. 4, an example is shown
of the measured UEIS spectrum and the resulting simu-
lated UEIS spectrum for a Pz27 disk of diameter 10 mm
and thickness 0.5 mm.

B. UEIS-fitted material parameters for glue

The parameters pglue
i of the used UV-cured NOA 86H

glue are determined by the UEIS method as described
in Sec. III D using a UV-cured glue ring glued to a
Pz27 disk with the dimensions listed in Tables I and II.
The resulting values for C11 and C44 are presented in
Table V together with the corresponding values for the
sound speeds clo and ctr, the attenuation coefficients αlo
and αtr, as well as Young’s modulus E and Poisson’s ratio
ν. The expressions for these additional parameters, valid
for any isotropic elastic material, are obtained by assum-
ing frequency-independent moduli C11 and C44 in the limit
of weak attenuation,

∣∣C′′
11

∣∣ � C′
11 and

∣∣C′′
44

∣∣ � C′
44, and

by introducing the complex-valued wave numbers klo =
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TABLE III. The real part (single prime) of the material parameters pPz27
i of the four Pz27 disks of Table I obtained by the UEIS

method with initial values from the literature [18]. The digits in brackets denote one standard deviation, σ̂UEIS is the relative standard
deviation of the UEIS mean, and 
lit

UEIS and 
manf
UEIS is the relative deviation from UEIS of the values given by Ref. [18] (lit) and by the

manufacturer (manf) [39], respectively. The density of Pz27 is measured to be ρPz27 = 7.7(1) g/cm3.

Pz27 disk C′
11 C′

12 C′
13 C′

33 C′
44 ε′

11 ε′
33 e′

31 e′
33 e′

15
(GPa) (GPa) (GPa) (GPa) (GPa) (ε0) (ε0) (C/m2) (C/m2) (C/m2)

Pz27-0.5-6.35 (A) 127 80.1 82.3 121 20.3 963 780 −5.3 16.4 11.8
Pz27-0.5-6.35 (B) 126 78.8 81.4 122 20.7 957 753 −5.2 15.9 11.0
Pz27-0.5-10 (A) 123 75.6 77.3 117 20.8 993 839 −5.0 16.4 10.8
Pz27-0.5-10 (B) 121 74.7 76.5 117 21.3 1015 842 −5.1 16.4 10.4
Mean of UEIS 124(3) 77(3) 80(3) 119(3) 20.8(4) 982(27) 804(44) −5.2(1) 16.3(3) 11.0(6)

Literature [18] 117.64 73.66 73.46 110.17 20.41 959.10 816.61 −5.19 16.06 11.59
Manufacturer [39] 147(4) 105(3) 94(2) 113(3) 23.0(6) 1130(113) 914(91) −3.1(2) 16.0(8) 11.6(6)

σ̂UEIS(%) 1.1 1.7 1.8 1.1 1.0 1.4 2.8 −1.5 0.8 2.6

lit

UEIS(%) −5.2 −4.7 −7.5 −7.6 −1.8 −2.3 1.6 0.6 −1.3 5.5

manf

UEIS(%) 18 36 18 −5.2 11 15 14 −40 −1.7 5.5

ω/clo + iαlo and ktr = ω/ctr + iαtr,

clo =
√

C′
11

ρ
, αlo(f ) = π

√
ρ(

C′
11

)3

∣∣C′′
11

∣∣f ,

ctr =
√

C′
44

ρ
, αtr(f ) = π

√
ρ(

C′
44

)3

∣∣C′′
44

∣∣f , (14a)

ν = (1/2)C′
11 − C′

44

C′
11 − C′

44
E = 3C′

11 − 4C′
44

C′
11 − C′

44
C′

44. (14b)

C. UEIS-fitted material parameters for PMMA

With the characterization of the Pz27 transducer disk
and the glue completed, we move on to the determina-
tion of the complex-valued elastic moduli C11 and C44 for
PMMA, which in principle could have been any other elas-
tic polymer. We study four PMMA polymer rings with the
dimensions listed in Table I, all around 1.4 mm thick and
with diameters of 20 or 25 mm, and glued to Pz27 disks
with the dimensions listed in Table II.

The resulting UEIS-fitted parameters C′
11, C′

44, C′′
11, and

C′′
44 at 24 ◦C for the PMMA are listed in Table VI together

with the corresponding values obtained by the UTT tech-
nique. The relative standard deviation σ̂UEIS on the real
parts is low (approximately 0.5%), and an order of magni-
tude higher on the imaginary parts (3–6%). We find good
agreement between the UEIS and the UTT values, in all
cases with relative deviations 
UTT

UEIS < 3σ̂UEIS. In terms
of the derived sound speeds, clo and ctr, and the derived
Young’s modulus E and Poisson’s ratio ν, the relative devi-
ation of UTT values from UEIS values is around 0.5%. For
the longitudinal and transverse attenuation αlo and αtr coef-
ficients, the relative deviations of UTT values relative to
UEIS values are higher, around 7–15%.

Again, likely due to the lower sensitivity of the C′′
11

and C′′
44 coefficients, it proves more difficult to obtain the

imaginary parts of the elastic moduli than the real parts.
Deviations of the UTT values from the UEIS values, may
in part be explained by the fact that the UTT technique
uses a frequency pulse with a width of 1 MHz around the
center frequency 1.90 MHz, whereas UEIS is based on an

TABLE IV. The imaginary part (double prime) of the material parameters pPz27
i of the four Pz27 disks of Table I obtained by the

UEIS method with initial values from the literature [18] and the parameters ε′′
11, e′′

31, e′′
33, and e′′

15 set to zero by assumption. The digits
in brackets denote one standard deviation, σ̂UEIS is the relative standard deviation of the UEIS mean, and 
lit

UEIS is the relative deviation
from UEIS of the values of Ref. [18] (lit).

Pz27 disk C′′
11 C′′

12 C′′
13 C′′

33 C′′
44 ε′′

11 ε′′
33 e′′

31 e′′
33 e′′

15
(MPa) (MPa) (MPa) (MPa) (MPa) (ε0) (ε0) (C/m2) (C/m2) (C/m2)

Pz27-0.5-6.35 (A) −709 370 121 −280 −582 0 3.9 0 0 0
Pz27-0.5-6.35 (B) −628 442 122 −377 −596 0 2.5 0 0 0
Pz27-0.5-10 (A) −558 448 112 −518 −488 0 0.0 0 0 0
Pz27-0.5-10 (B) −510 510 90.7 −538 −486 0 6.3 0 0 0
Mean of UEIS −601(87) 442(57) 112(15) −428(122) −538(59) 0 3(3) 0 0 0
Literature [18] −460 220 110 −400 −400 . . . 10.72 . . . . . . . . .

σ̂UEIS(%) −7.2 6.4 6.6 −14 −5.5 . . . 41 . . . . . . . . .


lit
UEIS(%) −23 −50 −1.4 −6.6 −26 . . . 235 . . . . . . . . .
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TABLE V. The material parameters at 24 ◦C of the UV-cured
NOA 86H glue determined by the UEIS method. The density
of the glue is measured to be ρ = 1.3(2) × 103 kg m−3, and
the attenuation coefficients are for the center frequency fc = 1.90
MHz of the UTT method described in Sec. IV.

Parameter Parameter Parameter

C′
11 = 4.65 GPa clo = 1891 m/s E = 3.20 GPa

C′
44 = 1.21 GPa ctr = 965 m/s ν = 0.32

C′′
11 = −0.51 GPa αlo(fc) = 346 Np/m

C′′
44 = −0.12 GPa αtr(fc) = 613 Np/m

entire frequency spectrum from 500 Hz to 5 MHz using a
single frequency at a time. However, whereas different
models exist, which assume a frequency dependence of
the elastic moduli of PMMA [12], similar to the frequency
dependencies measured in PDMS [9], we do find it suffi-
cient in the UEIS method to neglect the frequency depen-
dence of the complex-valued elastic moduli of PMMA.

In Fig. 5 an example is shown of the measured and
the simulated UEIS spectra for a PMMA ring glued to a
Pz27 disk. We find a good agreement between the mea-
sured and the fitted simulated UEIS spectrum, and it can
also be seen, how even smaller features of the experimental
impedance curve are captured in the simulated frequency
spectrum. Relative deviations 


exp
sim = log10(|Zexp|/|Zsim|)

up to 20% are found in regions near resonance peaks. How-
ever, enlargements there show how a frequency shift of a
few percent can lead to high deviations 


exp
sim, while still

maintaining good agreement between measurement and
simulation. For example, shifting a Lorentzian peak with
a Q value of Q = 250 by 1% of its resonance frequency,
results in a relative deviation approximately 10%.

TABLE VI. The UEIS-fitted and UTT-measured elastic mod-
uli for PMMA at 24 ◦C with a measured density ρ =
1162(4) kg/m3, and αlo and αtr evaluated at 1.90 MHz. For
UEIS, σ̂UEIS is the relative standard deviation of the UEIS mean.
For UTT, the errors are based on 1σ -prediction intervals around
linear regression fits. 
UTT

UEIS is the deviation of the UTT values
relative to the UEIS values.

Param. Unit UEIS
σ̂UEIS
(%) UTT


UTT
UEIS

(%)

C′
11 GPa 7.18(4) 0.6 7.1(1) −1.1

C′′
11 GPa −0.183(5) 2.9 −0.19(1) 3.8

C′
44 GPa 1.553(8) 0.5 1.56(1) 0.5

C′′
44 GPa −0.111(7) 6.3 −0.098(6) −11.7

clo m/s 2486(8) 0.3 2469(19) −0.7
ctr m/s 1156(4) 0.3 1160(4) 0.3
αlo Np/m 61(2) 3.2 66(4) 8.2
αtr Np/m 370(24) 6.4 322(18) −13.0
E GPa 4.23(2) 0.5 4.25(3) 0.5
ν . . . 0.362(1) 0.4 0.358(3) −1.1

We furthermore study the impact of small deviations in
the thickness and elastic moduli of the glue on the obtained
coefficients for the polymer ring. A change of Young’s
modulus Eglue by ±1% leads to changes in the real-valued
coefficients C′

11 and C′
44 by less than 0.05%, while the C′′

11
and C′′

44 coefficients change by 0.4% and 0.6%, respec-
tively. In a separate numerical study, when changing the
thickness of the glue layer from 12 to 8 µm, a relative devi-
ation of 33.3%, we observe a decrease in the real-valued
coefficients C′

11 and C′
44 by 0.8% and 0.2% respectively.

The relative changes for the imaginary-valued coefficients
C′′

11 and C′′
44 are slightly higher by +2.4% and −1.3%,

respectively, but still much lower when compared to the
relative change in thickness and well in line with the
identified uncertainties of the parameters listed in Table VI.

As a further validation of the UEIS method, we use the
UEIS-fitted values pPMMA

i to simulate selected resonance
modes in the PMMA ring. Subsequently, as shown in Sec.
S5 in the Supplemental Material [28], we successfully
compare these predicted modes with direct measurements
of the corresponding modes obtained by using a single-
point laser-Doppler vibrometer system VibroFlex Connect
(Polytec, Waldbronn, Germany).

VI. CONCLUSION

We develop a method based on measured and simu-
lated ultrasound electrical-impedance spectroscopy able
to determine the frequency-independent complex-valued
elastic moduli of polymers. The method is a two-step
procedure: Firstly, the material parameters of the used,
unloaded piezoelectric transducer disk are fitted by an
inverse problem, matching the measured and simulated
electrical-impedance spectrum. Secondly, a polymer ring
is glued onto the transducer, and the same technique is used
to fit the complex-valued elastic moduli of the polymer. To
evaluate its reproducibility, the method is applied on four
different system geometries involving the polymer PMMA,
achieving a relative error below 0.5% for Young’s modulus
and Poisson’s ratio, and below 7% for the attenuation coef-
ficients. The method is validated experimentally within the
3σ level using ultrasonic through transmission on PMMA
samples.

It is noteworthy that the model assumption of frequency-
independent elastic moduli Cik leads to simulated UEIS
spectra Zsim(f ) that predicts the measured UEIS spec-
tra Zexp(f ) so well in the entire frequency range from
500 Hz to 5 MHz as shown in Figs. 4 and 5 for Pz27
and PMMA, as well as for the UV-curable glue NOA 86H
(not shown). This frequency independence leads to the lin-
ear frequency dependence of the attenuation coefficients
αlo and αtr exhibited in Eq. (14), a linearity, which can
be contrasted with the f 2 dependence of α0 in Newtonian
fluids, Eq. (12), and the noninteger powers observed in
typically softer materials, such as the f 1.456 dependence of
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αlo and the f 0.924 dependence of αtr observed in the rubber
PDMS [9]. It is straightforward to include such frequency
dependency of the elastic moduli in the UEIS model,
should materials with that property be studied. One simply
modifies the respective moduli and coupling coefficients in
the constitutive Eqs. (1) and (2) at the cost of extending the
list of parameters pi with the necessary parameters needed
to describe the frequency dependency. For the relatively
stiff polymer PMMA, the elastic modulus tensor C can be
taken as frequency independent, whereas modeling softer,
rubberlike materials, the frequency dependency of C must
be taken into account [40].

The UEIS technique extends the existing field of res-
onance ultrasound spectroscopy by making use of the
electrical-impedance spectrum over a wide frequency
range of several MHz involving both on-resonance and
off-resonance frequencies, it has no obvious frequency lim-
itations before severe attenuation sets in above 100 MHz,
and it contains information of all relevant parameters of the
piezoelectric transducer disk, the glue layer, the polymer
ring, and the geometry of the assembled stack. Experimen-
tally, the technique is low cost, easy to use, simple, and
well suited for materials used in ultrasound applications.
The recording of a given impedance spectrum takes less
than 4 min. Afterwards, within about 1 min, the impedance
spectrum can be loaded into our MATLAB script, and the
automated UEIS fitting procedure is executed. After a run
time of about 10 h, the resulting UEIS-fitted impedance
spectrum and the parameter values ppz27

i , pglue
i , or ppmma

i
are delivered by the software.

The UEIS technique is not limited to the chosen exam-
ples of Pz27, glue, and PMMA, but it can in principle be
used on other classes of elastic materials including rubbers,
glasses, and metals. We believe that the presented UEIS
technique will become a valuable and easy-to-use tool in
the ultrasound application fields mentioned in the Intro-
duction, by providing well-determined parameter values
for the materials used, namely the relevant complex-valued
elastic moduli at the relevant ultrasound frequencies.
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