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The magnetic resonance at 41 meV observed in neutron scattering studies gE{Ba holds a key
position in the understanding of high- superconductivity. Within the SG) model for superconductivity and
antiferromagnetism, we have calculated the effect of an applied magnetic field on the neutron scattering cross
section of the magnetic resonance. In the presence of Abrikosov vortices, the neutron scattering cross section
shows clear signatures of not only the fluctuations in the superconducting order pargmbtéralso the
modulation of the phase af due to vortices. In reciprocal space we find thiatthe scattering amplitude is
zero at @r/a,w/a), (ii) the resonance peak is split into a ring with radit/sl centered atf/a, w/a), d being
the vortex lattice constant, and consequenli) the splittingz/d scales with the magnetic field 38.

Soon after the discovery of high: superconductivity in  ductivity and antiferromagnetism of a system which at
the doped cuprate compounds, its intimate relation to antiferhigher temperatures possessesBGymmetry:° The SA5)
romagnetism was realized. A key discovery in the unravelinggymmetry group is the minimal group that contains both the
of this relationship was the observation of the so-called 419auge group () [=SO(2)] which is broken in the super-
meV magnetic resonanté later also denoted ther reso- ~ conducting state, and the spin rotation group®hich is
nance. In inelastic neutron scattering experiments o roken in the antiferromagnetic state. Furthermore, the

Q(5) group also contains rotations of the superspin between
YBaZCu307 f‘t temperatures  belowT.~90 K, Rossat- the antiferromagnetic sector and the superconducting sector.
Mignod et al” found a sharp peak dtw~41 meV andq  The relevant order parameter is a real vectar

=(m/a,w/a), a being the lattice constant of the square lat- = (n,,n,,n,,n,,ns) in a five-dimensional superspin space
tlc.e'ln the copper—omde planes. Lgter its aqtﬁerromagnehq,vith a length which is fixed |@|2:1) at low temperatures.
origin was confirmed by Moolet al? in a polarized neutron  This order parameter is related to the complex superconduct-
scattering experiment and subsequently Fengl® found ing order parameteg and the antiferromagnetic order pa-
that the magnetic scattering appears only in the supercoriameterm in each copper-oxide plane as foIIow,s._zfe"/’
ducting state. Recently, Foreg al* have also observed the =n;i+ins andm=(ny,n3,n,). Zhang argued how in terms
7 resonance in BBr,CaCuyOg, 5, which means that it is a of the five-dimensional superspin space one can construct an
general feature of highi; superconductors and not a phe- e]tfeé:tlve\:] I_l_ag.ranfglﬁrllf_'n)botl)esgrlblng tlhe low-energy physics
nomenon restricted to YB&u;O;. This gives strong experi- of the t-J limit of the Hubbard model. .

. - . Two comments are appropriate here. First, we note that
mental evidence for the resonance being related to antifer-

; . - X relaxing the constrainin|=1 in the bulk superconducting
romagnetic f_Iuctuatlons within the superconducting stategiaia will introduce high energy modes, but these can safely
Conversely, it may be noted that angular-resolved photo '

o X : be ignored at low temperatures. Moreover, they do not alter
emission spectroscopy has shown how the single-particle 9afe topology of vortices in the order parameter, which is our

within the antiferromagnetic state inherits ttievave modu-  main concern. Second, one may worry that results obtained
lation of the superconducting staté. from a pure SC5) model deviate substantially from those
A number of different models have been proposed to expbtained from the recently developed, physically more cor-
plain ther resonance’**In particular, Zhang was inspired rect projected S() theory® However, the two models are
by the existence of antiferromagnetic fluctuations in the suenly significantly different close to half filling, and our study
perconducting state to suggest a unified®@heory of an-  concerns antiferromagneti@F)-modes in the bulk super-
tiferromagnetism and-wave superconductivity in the high- conductor in a weak magnetic field, a state which although
T, superconductor¥. It is of great interest to extend the endowed with the topology of vortices is far from half filling.
different theoretical explanations to make predictions for theFor simplicity, we thus restrict the calculations in this paper
behavior of thesr resonance, e.g., in an applied magneticto the original form of the S(®) theory.
field. An experimental test of such predictions will put im-  In the superconducting state the GDsymmetry is spon-
portant constraints on theoretical explanations ofitheso-  taneously broken which leads to a “high”-energy collective
nance in particular and of highz superconductivity in gen- mode where the approximate &) symmetry allows for
eral. In this paper we treat the resonance in the presence of rotations ofn between the superconducting and the antifer-
an applied magnetic field within the $& model. romagnetic phases. These rotations have an energyi egst
Zhang proposed that the cuprates at low temperatures caorresponding to ther resonance and fluctuations mwill
be understood as a competition betwakwave supercon- thus give rise to a neutron scattering peakiat, which,
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through the antiferromagnetic part of the superspin, is lowhere the small angléé by which n rotates into the anti-
cated atq=Q, where Q=(m/a,w/a) is the antiferromag- ferromagnetic sector is undetermined. Since the excitation
netic ordering vector. The uniform superconducting stéite ( depends orfi and not onrmiit is a delocalized excitation with
=1) <can be characterized by a superspin zero amplitude at the center of the vortices and in terms of
=(f cos¢,0,0,0f sing), and thes mode is a fluctuation energy it actually corresponds to an energy at the bottom
sn(t)«(0,0,0fe'“~t,0) around the static solution, wheee edge of_the 8continuum of an effective potential associated to
has been chosen as an arbitrary directionsior. In this case  the vort|c§§ o . _
with f=1 we havesmxei®+, i.e., a sharp peak ab=w . For an isotropic spin space, the magnetic scattering cross
andg=0Q. section fo_r ne_utrons is p_roportlonal to the dyngmlc _structure
In the presence of an applied magnetic field, the superf-a‘j‘tor’ wh|qh is the Fourier transform of the spin-spin corre-
conductor will be penetrated by flux quanta, each forming dation function(see, e.g., Ref. 20
vortex with a fluxh/2e by which the complex superconduct-

ing order parameters acquires a phase shift of2 when S(9,0)= fw dteith e—iq~(R—R’)<éR(t).éR,(0)>_
moving around the vortex. In YB&€u;O; the vortices ar- —o RR'
range themselves in a triangular vortex lattfomith an area 3

of the hexagonal unit cell given byl=h/2eB and conse-

quently a lattice constant given =3"4/h/eB. In the To make a gonne§t|on 0 the. w_ calculations we
work by Arovaset al,'” Bruus et al,'® and Alamaet all® ~Make the semiclassical approximatio(Sy(t) - Sz (0))
the problem of Abrikosov vortices was studied within the ~(Sr(t))-(Sk/(0)) so that

SO(5) model of Zhang? In the center of a vortex core, the )

superconducting part of the order parameter is forced to zerog(q,w)%J dteiwtz e~i@*Q R-R)m(R t).m(R’,0),
This leaves two possibilitiesi) either the vortex core is in a —w RR’

metallic normal statéas it is the case in conventional super- (4)
conductor corresponding to a vanishing superspin (dy
the superspin remains intact but is rotated from the superco
ducting sector into the antiferromagnetic secfohe pre- With a superspin given bgi(r,t)=n(r)+ on(r,t) the dy-

d'Ct'O.n of the p033|b|llt_y of antlfgrromagnet!cally ordered in- namical structure factor has two components—an elastic and
sulating vortex cores is thus quite interesting and allows for,

a direct experimental test of the 88) theory. However, the an inelastic. The elastic component,
antiferromagnetic ordering of vortices is according to our
knowledge still to be confirmed experimentally. In this paper Sel(Q,w)=
we report a different consequence of the (5Ctheory in
neutron scattering experiments; we consider thenode in s |ocated af=Q and has a width- 77/ £. In elastic neutron
the presence of vortices and show that the peak-aQ  scattering experiments the observation of this peak would
splits into a ring with a radiugr/d centered atj=Q where it directly prove the antiferromagnetical ordering in vortex
has zero amplitude. Consequently the splitting scales witlzores.
magnetic fieldB as 7/d JB. The inelastic contribution is

We start by considering just one vortex, then generalize

where m(R,t)=¢e'?RS:(t) is the antiferromagnetic order
rE)'arameter which enters the superspin

2
278(w), (5)

2 efi(quQ)'Rm( R)
R

the result to a vortex lattice. To make our calculations quan- B —ila+ 2

titative, we consider YBgCu;0O; for which a=3.8 A, « Sin(@,@)=(560)* ER: e (ARI(R)cosgr) 2md(—w).
=84, andé=16 A for the lattice constant, the Ginzburg- (6)
Landau parameter, and the coherence length, respectiveIE. _ i(q+O)R .

The order parameter can be written in the f&tm or q=Q the phase factoe vanishes, and the co-

sine factor makes the different terms in the summation can-
cel pairwise so thab,(Q,w,)=0. The presence of a single
vortex moves the intensity away from=Q and a ring-

_ ) . shaped peak with radiugq~ /L centered atq=Q is
where ¢, =arg(r). The isotropy of .th(? antlferrqmagnet|c formed,L~ /A being the size of the sample. In the semiclas-
sgbspace allows us t9 chooz_;e to lie n the y _dlrectlon sical approximation the zero amplitudeggt Q is a topologi-
without loss of genergllty. Static numerical soluhonsif@tr) cal feature, which is independent of the detailed radial form
and thereby alsen(r) in the presence of a vortex are derived f(r) of the vortex. This robustness relies on the identification

?hs descrilbttad ianéefS]:' t?j and 18. Ddue tt_o the gigh value (t)f of the m mode as being proportional to the superconducting
€ absolute valueor thé superconducting orcer parameter .y parametefincluding its phase Quantum fluctuations

¢ increases from zero at the center of the vortex Q) to its may add some amplitude gt Q, but such an analysis be-
bulk_l\_/r?lue (f.? 1) ata d|st.anc%of s ordgrfropw"the C?rg yond leading order is outside the scope of this work.
ter. The antiterromagnetic order parameter follows from It is interesting to see how this result compares to predic-

sincem=y1-f% ;s tions based on the BCS theory. The neutron scattering cross
For them mode in the presence of a vortex, Braisal. section is given by the spin susceptibility, which for a homo-
found that the fluctuation of the superspin is geneousvortex freé superconductor has been calculated via
. the BCS-Lindhard functioft? Here we briefly consider how
on(r,t)=(0,0,050f(r)cos¢,e'“,0), (2)  the BCS coherence facttﬁukvkw—ukukJrq]2 appearing in

n(r)=(f(r)cos¢,,0m(r),0,f(r)sing,), (1
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FIG. 2. Plot of the peak splittingq as a function of the mag-
netic field B. The calculated splitting®) has the expecte&'/?
behavior and the numerical prefactor corresponds to a spliing
=m/d whered is the vortex distance.

FIG. 1. Plot of the dynamic structure factor at=w, as a
function of q along the ¢r,7) direction forB=10 T. The inset
shows the almost isotropic response in thplane with the arrow
indicating the ¢r,7) direction.

the Lindhard functiof! is modified by the presence of vor- ing. In a real experiment these subpeaks could easily be
tices. In a semiclassical approximatfdthe spatial variation ~Smeared back into a ring-shaped scattering peak if either the

of the superconducting phagr) leads to a coherence fac- Vortex lattice were slightly imperfect or if the resolution of
tor of the form [ug(rye ¢>(r1)/20k+q(r2)ei #(rp)2  the spectrometer were too low. To describe the main effect

—vk(rl)ei¢(’1)/2uk+q(r2)ei ¢(r2)/2]2_ Therefore in contrast to ©f the Sa5) theory we therefore continue to use the single

Eq. (6) the superconducting phase does not separate in tH&it-Cell approximation.

two spatial positions, and consequently the spatial average in N Fig- 2 we show the splitting as a function of the mag-
general is not zero a=Q. It thus appears that the above- netic field and indeed we find the expected scaling with a

mentioned ring-shaped peak in the dynamic structure factdpréfactor confirming that the splitting is given ldg=m/d.
is special for the SG) model. The full width half maximum of the ring is given by
We now generalize the single-vortex @result to the =3-1Xdq=3.1X7/d.

case of a vortex lattice. For nonoverlapping vortices we con- N Fig. 3 we show the amplitude of the ring as a function
struct the full superconducting order parameter by of magnetic field. The amplitude approximately decreases as
1/B with the magnetic field, but with a small deviation. This

~ ~ B0 deviation makes thg-integrated intensity, which is propor-
pr)=f(r)e :1_].[ Plr=ry, () tional to the amplitude timesay)?, decrease a&(B)/1(0)

N _ =1-0.004x B/[ T] which reflects that the area occupied by
where ther; denote the positions of the vortices. The func-vortices increases linearly witB and consequently the su-
tion f(r)=II;f(r—r;) is 1 except for close to the vortices percon.duc'.[ing _region degrleases Iinezarly within fact, the
where it dips to zero. Also the phagér) == arg(r —r;) has reduction is given byA ™2 [rdrm*(r)=0.004xB/[T],
by construction the periodicity of the vortex lattiG@odulo
2m) and the contour integraf.dl-Vé(r) equals 2rn

S~
Z 700f
wheren is the number of vortices enclosed by the contGur E
In the limit of nonoverlapping vortices we can capture the = 600t Sin(Q +6q,w ) X 1/B
? K

main physics by considering the single vortex solution &
within a unit cell of the vortex lattice. We comment on the & 300}
inclusion of the entire vortex lattice further on, but for now —~ |
we restrict the summation in E¢) to lattice sitesR inside 3t< 400
the vortex lattice unit cell. In Fig. 1 we show the result for a < 300t
magnetic fieldB=10 T. As seen, the presence of vortices “©
moves the intensity away frog=Q and a ring shaped peak + 200}
with radiuséq centered atj=Q is formed. We note that the ¥
only relevant length scale available is the vortex lattice con-~% 100}
stantd and consequently we expect théq= 7/d. Sinced ) 0 , ,
=3"Y/nh/eB we consequently expect thatdq 0 5 10

20 25 30

15
=3Y7\/eB/h=0.008x (/a)yB/[T]. Had we included all B (T)

the vortex lattice unit cells in our analysis, the structure fac-
tor of the hexagonal vortex lattice would have led to a break- FIG. 3. The peak height plotted versus the magnetic felfihe
ing of the ring in Fig. 1 into six subpeaks sitting on top of the calculations @) almost fit a 1B dependence.
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where the integral gives the effective area of the vortex. Thenized spectrometer we believe this to be possible, and the
reduction in integrated intensity should be relatively easy taeward is a stringent test of a quantitative prediction of the
observe experimentally, but is not a unique feature of theSQ(5) theory. We note that Bourgest al>> have investi-
SQ(5) model. Thus while it will aid us to prove that the  gated ther resonance in a magnetic field B=11.5 T and

resonance o.nly resjdes in the su.perconductin.g phase, it Witbport a broadening in energy, but do not report data onjthe
not clearly distinguish between different theories. shape.

In order to discuss the experimental possibilities for test- | conclusion, we have found that within the @D
ing our predictions, we note that the original observation of,o4el the = resonance splits into a ring centered ct
the zero-field resonance was an experimental achievemem‘:(wla’ 7la) in the presence of a magnetic field. The ring
and hence that the experiment proposed here constitutesaq e ragiusr/d and full width half maximum of about
great challgnge. Howev_er, since the observa_tlon of #he IXw/d, whered is the vortex lattice constant. Conse-
resonance in 1991, the field of neutr(_)n s_cattenng hz_as deveE'uently the splitting is found to scale with the magnetic field
oped considerably. To observe the ringlike shégee inset 12 . i

; o ) . asB~“. We emphasize that the amplitude of theesonance
of Fig. 1) of the excitation would require a resolution better . R : L
N . . . _is zero atg=(w/a,/a) in the presence of a magnetic field.
than 7/d along two directions in reciprocal space, which

seems unachievable with current spectrometers. However, We acknowledge useful discussions with J. Jensen, N. H.
the overall width of the ring can in fact be measured withAndersen, A.-P. Jauho, and D. F. McMorrow. H.M.R. was
good resolution along just one direction in the reciprocalsupported by the Danish Research Academy and H.B. by the
plane. Scans along this directidas in Fig. 1 could then Danish Natural Science Research Council through Ole
reveal a broadening of 3.1X 7r/d. With a sufficiently opti- R@mer Grant No. 9600548.

1J. Rossat-Mignoett al, Physica C185-189 86 (1991). 143. Brinckmann and P. A. Lee, Phys. Rev. L&2, 2915(1999.

2H. A. Mook et al,, Phys. Rev. Lett70, 3490(1993. 5s.-c. Zhang, J.-P. Hu, E. Arrigoni, W. Hanke, and A. Auerbach,

3H. F. Fonget al, Phys. Rev. Lett75, 316(1995. Phys. Rev. B60, 13 070(1999.

4H. F. Fonget al, Nature(Londor) 398 588(1999. 18p_ |, Gammelet al, Phys. Rev. Lett59, 2592 (1987.

5F. Ronninget al, Science282, 2067(1998. D, P. Arovas, A. J. Berlinsky, C. Kallin, and S.-C. Zhang, Phys.

SW. Hanke, M. G. Zacher, E. Arrigoni, and S.-C. Zhang, Rev. Lett.79, 2871(1997).
cond-mat/990817%unpublishegl 184, Bruus, K. A. Eriksen, M. Hallundbaek, and P. Heaet;&’hys.

"E. Demler and S.-C. Zhang, Phys. Rev. L&f, 4126(1995. Rev. B59, 4349(1999.

8D. Z. Liu, Y. Zha, and K. Levin, Phys. Rev. Let?5 4130 '°S. Alama, A. J. Berlinsky, L. Bronsard, and T. Giorgi, Phys. Rev.
(1995. B 60, 6901(1999.

°1. I. Mazin and V. M. Yakovenko, Phys. Rev. Leff5, 4134  2°G. L. Squires,Thermal Neutron ScatteringCambridge Univer-
(1995. sity Press, Cambridge, 198

105 .C. Zhang, Scienca75 1089(1997. 213. R. Schrieffer Theory of SuperconductivitfAddison-Wesley,

A, A. Abrikosov, Phys. Rev. B57, 8656(1998. New York, 1988. )

12D, K. Morr and D. Pines, Phys. Rev. Le&1, 1086(1998. 22G. E. Volovik, Pis'ma zh. Esp. Teor. Fiz58, 457(1993 [JETP

13A. Abanov and A. V. Chubukov, Phys. Rev. Le®3 1652 Lett. 58, 469 (1993].

(1999. 23p_ Bourgeset al, Physica B234-236 830 (1997).



